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Abstract

We consider a dynamic environment in which a resource-rich country trades an ex-
haustible resource with a resource-poor country. In every period, the resource-poor country
can arm and attack the resource-rich country. When the resource is extracted by price-
taking firms, each firm fails to internalize the impact of its extraction on military action
by the resource-poor country. In the empirically relevant case of inelastic resource demand,
war incentives increase over time. If the resource-poor country is sufficiently strong, war
becomes inevitable, encouraging more rapid extraction, and inducing war to happen earlier.
We explore the extent to which this externality across price-taking firms can be internalized
by the government of the resource-rich country regulating the price and the level of resource
production. Two new economic forces emerge in such an environment. On the one hand,
the resource-rich country’s ability to control production can prevent war, and this occurs
through a deviation from the Hotelling rule. For instance, if demand is inelastic, a slower ex-
traction of resources than under the Hotelling rule emerges as a way of reducing armaments
and incentives for war. On the other hand, the resource-rich country’s inability to commit to
attractive offers requires the resource-poor country to arm even if it is not fighting in order
to guarantee the offer. If this cost of continually arming is sufficiently high, then war can be
made inevitable in such a setting even when it could be prevented in an environment with
price-taking firms.
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1 Introduction

“Throughout human history, people and countries have fought over natural re-
sources. [...] [T]oday, the uninterrupted supply of fuel and minerals is a key element
in geopolitical considerations. Things are easier in times of plenty, when all can
share in the abundance, even if to different degrees. But when resources — whether
energy, water or arable land — are scarce, our fragile ecosystems become strained, as
do the coping mechanisms of groups and individuals. This can lead to a breakdown
of established codes of conduct, and even to outright conflict.” —Ban Ki-moon, UN
Secretary-General (2007).

“The oil market will remain fairly stable, but with steadily increasing prices as
world production peaks. Demand now exceeds production and we are seeing that
effect on prices. After the peak is reached, geopolitics and market economics will
result in significant price increases above what we have seen to date. Security risks
will also rise. To guess where this is all going to take us is would be too speculative.
Oil wars are certainly not out of the question.” —Report of the US Army Corps of
Engineers (2005).

International trade and military conflict have been entwined throughout history (e.g., Findlay
and O’Rourke, 2007). Several instances of international expansions, including the founding of
FEuropean colonial empires starting in the 15th century, were motivated by the desire to have
access to valuable resources. But what ensued was not “free trade,” rather trade with the
terms of trade being heavily influenced by military threats and actions. The Dutch East Indies
Company, for example, used its own private army in the 16th and 17th centuries to monopolize
the trade of nutmeg, clove, mace and pepper in the Indian Ocean, in many cases resorting to
force and even to systematic killings in order to acquire these spices at low prices (Lieberman,
2003, van Zanden, 1993). The English East India Company, and subsequently England, followed
the same model in its colonization of the Indian subcontinent. The ‘Scramble for Africa’ in the
19th century was also motivated by the desire of several European powers to forcibly gain access
to resources on favorable terms of trade.

While there is a greater separation between international trade and military relations today,
the shadow of military threat is not entirely absent, particularly in the context of key exhaustible
resources such as oil. The strategic and military importance of the Middle East stems in large
part from its disproportionate role in the supply of oil. Many commentators and politicians
believe that the growing scarcity of oil in the coming decades will intensify conflict and perhaps
even cause global wars.

In this paper, we take a first step in the analysis of the dynamic interactions between eco-
nomic equilibria and inter-country military actions, focusing on the relationship between trade
in exhaustible resources and war. We study a world economy consisting of two countries. The

entire stock of an exhaustible resources is located in country S, and is demanded by country A.



A second (non-resource) consumption good can be used to make transfers from country A to
country S. Throughout, we refer to this good as the “consumption good”. In addition, country
A can also arm and decide to invade country S. The extent of its armaments determines how
much of the remaining endowment of the exhaustible resource of country S it can capture. After
such a war, the government in country A follows a path of extraction of the remaining resources
to maximize the utility of its citizens.

We study two alternative market structures. In the first, the entire stock of the exhaustible
resource in country S is distributed among a set of perfectly competitive (price-taking) firms,
which supply the world market. Country A consumers purchase at the world market price,
unless there is a war (in which case, country A captures part of the endowment and the rest
of the stock is destroyed). We refer to this as the competitive environment and look for a
Markov Perfect Competitive Equilibrium, where all producers and consumers take future prices
and probabilities of war as given, all markets clear, and country A’s government maximizes the

utility of the representative household.! In this competitive environment:

1. Country S producers do not internalize two types of externalities they create on each other.
The first is the standard price effect, which is sometimes internalized by using “optimal”
import and export taxes in international trade theory (for example, they can increase their
revenues by reducing production and pushing international prices up, but do not do so
because they are taking prices as given). The second externality is more interesting for our
purposes and results from the military actions of country S in response to the equilibrium
path of prices (the producers do not take into account that by changing their production

plans they may be able to avoid war).

2. In any pure-strategy equilibrium, war cannot be delayed and it must necessarily occur in
the initial period. If there were ever any war at some date 1" > 0, competitive producers
would choose to extract all of their resource before that date, and it would therefore be
beneficial for country A to declare war earlier, thus leading to the “unraveling of peace”.
This result is closely related to the fact that price-taking producers do not internalize the
effects of their extraction decisions on the equilibrium probability of war, and suggests

that in this environment war may be happening too soon and too frequently.

3. The incentives of country A to declare war depend on the elasticity of demand for the
resource. In the empirically more relevant case where it is inelastic (elasticity less than

one),? spending on the resource increases over time as its endowment is depleted. This

'The qualifier “Markov” is added because there is a parallel between the structure of equilibria here and
in Markov Perfect Equilibria of dynamic political economy models, and the equilibrium will be in Markovian
strategies. Moreover, when we consider the monopolistic environment, we will restrict attention to Markovian
strategies (though there is no need to do so in the competitive environment).

2Several studies estimate the short-run demand elasticity for oil to be between 0.01 and 0.1, while the long-run
elasticity is found to be higher but still less than 1 (see, for example, Gately and Huntington, 2002, Gately, 2004,
or Cooper, 2003). The demand elasticity for other exhaustible resources may be greater, and throughout we
provide results for any value the demand elasticity, though we place more emphasis on the inelastic case.



increases country A’s incentives to declare war. In particular, when the military technology
enables country A to capture a significant fraction of the remaining endowment (after
incurring the cost of armament), spending will increase sufficiently at some point that
war will be inevitable. But then the anticipation of future war encourages more rapid
extraction and induces earlier war (in fact, when the elasticity of demand is constant, war
will be in the initial date).

4. Despite the inefficiencies and the possibility of war, the path of extraction satisfies the
Hotelling rule. Since firms are price-taking, equilibrium prices before war increase at the
rate of interest as in the Hotelling rule, and optimal extraction after war by country A

also satisfies the Hotelling rule.

The externalities in the competitive environment can be internalized if the government of
country S regulates the price and the level of production of the resource (for example, by
setting nonlinear taxes). We refer to the situation in which it does so as the monopolistic
environment, because the government of country S is effectively acting as the monopoly supplier
of the exhaustible resource. In fact, this is equivalent to a take-it-or-leave-it price-quantity offer
to country A at each date, since the latter country always has the option of declaring war if it
prefers this to trading at the price-quantity pair set by country S. Like the government of country
A, we assume that the government of country S maximizes the net present discounted value of
its citizens, and in doing so, it naturally takes into account the potential military threat from
country A and how this threat will evolve over time. More formally, in this environment, we look
for a Markov Perfect Monopolistic Equilibrium, where the two governments play best responses
to each other in all subgames (in Markovian strategies). We show that in the monopolist

environment:

1. Incentives to declare war in the monopolistic environment are again shaped by the elasticity
of demand. When demand is inelastic, these incentives again increase over time as the

resource is depleted.

2. Because with inelastic demand incentives to declare war and armaments increase as the
resource is depleted, country S has an incentive to slow down the rate of extraction. As a
consequence, extraction is slower and prices increase more slowly than that implied by the
Hotelling rule.? Conversely, when demand is elastic, extraction is more rapid and prices

increase more rapidly than the Hotelling benchmark.

3. Under certain conditions, in particular, when war is sufficiently costly for a country .S, war

is avoided in the monopolistic environment, even when it does take place under competitive

3We also show that if country A did not have an incentive to arm prior to war, then the Hotelling rule would
always hold. This is because by standard efficiency arguments, country S would always make offers which avoid
destructive war, and these offers would satisfy the Hotelling rule since this would provide both greater utility to
country A and achieve greater revenues for country S.



markets. Moreover, in contrast to the competitive environment, war can be postponed and

need not occur at the initial date even in pure-strategy equilibria.

4. A naive conjecture would be that the intervention by the country S government in the
monopolistic environment would always prevent war and make country S households bet-
ter off. This conjecture is not correct, however, even though the price externalities in the
competitive environments are internalized. This is because there is a new source of ineffi-
ciency resulting from a commitment problem. In the competitive environment, country A
needs to invest in armaments only when it intends to declare war. In the monopolistic en-
vironment, country S cannot commit to making an attractive offer to country A unless the
latter arms. This implies that country A will have to make costly armament investments
at each date in order to improve its terms of trade. But then, to prevent war, country
S must pay for the future costs of armaments. This not only creates wasteful armament
expenditures, but can make country .S worse off and can lead to war even in situations in
which there may not have been war in the competitive environment (though the opposite

is also possible and in fact more likely as we have mentioned).

We also show that similar results obtain when country S can also invest in armaments for
defense purposes, when there are multiple resource-for countries that compete for the resources
of country S (and can go to war against each other to acquire these resources), and under more
general assumptions on preferences.

We view this model as providing a first analysis of the interactions between dynamic equi-
libria (particularly the dynamics of resource extraction) and inter-country military action. The
economic equilibrium is determined by the likelihood of war and the threat of war, and the path
of prices affects the armaments and attack decisions of the resource-poor country. The frame-
work formalizes the common concerns that the decreasing stocks of exhaustible resources may
lead to a global war, and shows that because price-taking firms do not internalize the impact
of their production decisions on other countries’ military actions, war may happen too soon
and too frequently. But our framework also suggests that these concerns may be exaggerated,
particularly when resource-rich countries can regulate prices and production. Under these cir-
cumstances, the threat of war may not be realized and may simply affect the paths of prices and
extraction of natural resources (in fact, precisely in such a way as to avoid war). Interestingly,
in this scenario, intertemporal prices of natural resources no longer satisfy the Hotelling rule,
and deviations from the Hotelling rule emerge as a way of intertemporally smoothing both the
utility from the consumption of the exhaustible resource and the cost of armaments. However,
our framework also shows that this type of regulation by the resource-rich countries leads to a
new distortion as it induces the resource-poor country to increase its armaments to improve its
terms of trade.

Whether the competitive or the monopolistic environment provides a better approximation to

reality is an empirical question. Major oil producers such as Saudi Arabia and organizations such



as OPEC regulate prices and quantities in the oil market, though many aspects of production
both in the oil market and in other resource markets are still highly decentralized. Even though
both the likelihood of war and the efficiency of the allocation of resources may be greater in one
or the other environment, it is interesting that armament incentives and the path of prices are
shaped by the elasticity of demand in both.

We should emphasize at this point that our analysis and thus our conclusions abstract from
one important source of conflict, which undoubtedly intersects with scarcity of resources in prac-
tice: civil wars. Civil wars are fought over the control of increasingly valuable natural resources.
The postwar history of much of sub-Saharan Africa has been marred by civil wars fought over
control of oil and diamonds, and increasing prices of various natural resources might spur fur-
ther internal conflicts in countries with weak institutions (e.g., Reno, 1998).% Investigating this
issue as well as other effects of military conflict on trade patterns and on the terms of trade are
interesting areas for future research.

Despite the importance of international conflict for economic and social outcomes and the
often-hypothesized links between natural resources and international conflict, there are only a
handful of papers discussing these issues. More specifically, our work contributes to the political
economy of trade literature (e.g., Grossman and Helpman, 1995, Bagwell and Staiger, 1990,
2001, Maggi, 1999, Maggi and Rodriguez-Clare, 2007). Within this literature, our paper is most
closely related to Antras and Padré i Miquel (2009), who study how a dominant country can
affect domestic politics in its trading partner. They show how lobbying type activities by the
dominant country can be used for affecting policies and the terms of trade. In contrast to this
literature, we emphasize how the ability to arm and to fight wars over resources affects patterns
of trade. In this regard, our work is related to the war literature which explores how countries
bargain with each other in order to avoid wars (e.g., Powell, 1999, Schwarz and Sonin, 2004,
Skaperdas, 1992, and Yared, 2010). In contrast to this work, we study the two-way interaction
between dynamic equilibria and the threat of war.’ Finally, in our focus on the intertemporal
allocation of exhaustible resources, our paper is related to the original seminal work of Hotelling
(1931) together with important extensions by Dasgupta and Heal (1979).°

The paper is organized as follows. Section 3 describes the competitive environment and
Section 4 describes the monopolistic environment. Section 5 considers extensions. Section 6

concludes and the Appendix includes additional proofs not included in the text.

4See, in particular, the comprehensive survey by Blatman and Miguel (2010). Recent research by Mehlum,
Moene, and Torvik (2008) and Ross (2004) show that the negative effects of resources are confined to countries
with weak institutions. Therefore, increasing threat of civil wars as natural resources become more scarce might
also be confined to countries with such weak institutions.

’For related work on bargaining in the shadow of conflict, see also Acemoglu and Robinson (2006), Baliga
and Sjostrom (2004), Caselli (2005), Chassang and Padré i Miquel (2010), Dixit (1987), Fearon (1995), Garfinkel,
Skaperdas, and Syropoulos (2009), Hirshleifer (1995), and Jackson and Morelli (2009).

SFor other examples see also Kremer and Morcom (2000) and Pindyck (1979).



2 Environment

Time is discrete and denoted by ¢ = 0,...,00. There are two countries, A and S, and two
goods, an exhaustible resource, to which we sometimes refer as “oil”, and a perishable (non-
resource) consumption good. Each country is inhabited by a continuum of mass 1 of identical
households (or alternatively, by representative household). We assume that the governments
in both countries maximize the intertemporal utility of their citizens (of the representative
household in their country). In view of this, refer to actions by governments and countries
interchangeably.

Households in country A receive the following flow utility from their consumption of the

resource and the consumption good:
A A
U (xt ) + Ct s (1)

where x;* > 0 corresponds to their consumption of the resource and c;* z 0 refers to the con-
sumption good. The utility function u (+) is strictly increasing and a concave, i.e., v/ (-) > 0 and
u” (+) < 0, and satisfies the following Inada conditions lim, o' (z) = 0o and lim, o v’ () = 0.
For simplicity, we assume that households in country S do not value the resource, and thus their

utility is derived only from the consumption good:

c;, (2)

where ¢ ; 0 refers to the consumption good. Households in both countries have a common
discount factor 8 € (0,1).

In each period both countries are endowed with an exogenous perishable amount of the
consumption good. We normalize the endowment of this good for each country to zero (recall
that negative consumption is allowed). In addition, country S is endowed with eg > 0 units of
the exhaustible resource (oil) in period 0. To be consumed, the resource needs to be extracted,
and we assume that extraction is at zero cost (and the amount extracted is non-storable and has
to be consumed in the same period). We denote by 27 the amount of extraction of the resource
in period t. The remaining stock of the non-extracted resource in period ¢, e;, follows the law of

motion

o0
et = Zl’tSJrk (3)
k=0

Country S extracts the resource and trades it for the consumption good with country A. We
consider several trade environments in Sections 3 and 4.

In addition to trading, we allow country A to make two additional decisions in each period:
how much to arm and whether to declare war against county S. The armament technology
works as follows. At every date ¢, country A can choose a level of armament m; € [0, m] which
has a per capita cost of I(m;) units of the consumption good. We assume that [ (-) satisfies

I"(-) > 0,1"(-) > 0, and 1 (0) = 0. The payoff from war depends on the amount of armament. If



country A has armament m; and attacks country S that has e; units of the resource, country A
obtains fraction w(m;) of e;, while the remaining fraction 1 — w(m;) is destroyed.” We assume
that w (-) satisfies w’ () > 0, w” (-) <0, w(m) € [0, 1] for all m with lim,, 5 w’ (m) = 0, which
imposes sufficient diminishing returns to armaments to ensure an interior level of equilibrium
armaments. In most of the analysis, we allow for m = oo, in which case, m; € [0,00) and
lim,;, 00 w' (m) = 0. We use an indicator variable fp = 0 to denote that no war occurred in
periods t = 0,..,T and fr = 1 to denote that war in some period t < T

If country A, after choosing m; units of armament, attacks country S and the remaining
endowment is e;, the payoff to country A is V(w(my)es) — I(my), where [ (my) is the cost of
armament, incurred by the representative household in terms of the consumption good, and
V(w(my)et) is the continuation value of the representative household in that country starting
with the ownership of the resource endowment of w (m;) e; (since after war, the ownership of
a fraction w (my) of the remaining resource is transferred to the country A government). Since

the government will use this stock to maximize the utility of its citizens, we have

V(w(my)er) = max Z BFu (z444) (4)
k=0

{Zermetrritizo -

subject to the resource and nonnegativity constraints, i.e.,

€t41+k = €4k — Tytk for k>0, (5)
etr1 = w (my) e — x¢, and (6)
Ty, etk > 0 for k> 0. (7)

In the event of a war, the payoff to country S is given by ¢ < 0, which we think of as a large
number, and in the limit, ¢y = —o0, meaning that the war is extremely costly to country S.
For future reference, it is useful to define m*(e) as the optimal amount of armament for
country A if it attacks country S when country S has e units of resource endowment. Namely:
m* (e) = argmax V (w(m)e) — L (m). (8)
m2>0
Given our assumptions on u (-), w (+), and { (+) (in particular, the Inada conditions), it is straight-

forward to see that m* (e) > 0 and is a continuously differentiable function of e for all e > 0.

"To facilitate interpretation, we model the outcome of war as deterministic—in particular, with country A
grabbing a fixed fraction of the resource. This is largely without loss of any generality. All of our results apply
to an environment in which the outcome of war is stochastic, provided that after war, the two countries never
interact again. For example, we can have w (m;) as the probability that country A receives a fraction A of the
endowment and 1 — w (m;) as the probability that it receives a fraction A* < A of the endowment.



3 Competitive Environment

We start by considering a competitive environment in which trade occurs at market clearing
prices and both buyers and sellers take these prices as given. This environment will allow us
to highlight the key economic forces that determine incentives to fight and to illustrate the

externalities in the competitive environment.

3.1 Markov Perfect Competitive Equilibrium

In the competitive environment, country S has a unit measure of firms. Each firm is labeled
by ¢ and owns an equal fraction of the total natural resource endowment of country S. Firm i
extracts resources :nf; and sells them in a competitive market at price p; in units of consumption
good. All profits are rebated to households of country S as dividends. We will next define a
notion of “competitive equilibrium” for this environment. This definition requires some care,
since producers in country S are price takers, but must also recognize the likelihood of war,
which result from the strategic choices of the government of country A. We define the notion
of equilibrium in two steps. First, we impose price taking and market clearing for all relevant
Arrow-Debreu commodities, i.e., for the resource at each date following any history (by Walras
law, this guarantees market clearing for the consumption good). Second, we study the problem
of country A taking the relationship between the probability of war and these prices as given.
Price-taking implies that each firm ¢ in country S chooses extraction plan {xﬁ}zo to max-

imize its expected profits at time ¢ = 0 (according to its information set then)

oo
t S
max Eo ) B'pers; 9)
xii}tzo t=0
subject to the constraints

eit+1 = e — x5, if fy =0
Cit+1 = 0 if ft = 1, and
:c;%, eit+1 > 0 for all £ > 0.

The second constraint stems from the fact that firm ¢ loses its endowment if country A declares

war. The solution to this problem implies that

0 if pr < Bpes1 Pr{fey1 =0}
w5 €% [0,ex] if pp = Bprsa Pr{fiza =0} . (10)
eit  if py > i1 Pr{fis1 =0}

Equation (10) captures the fact that firms do not only take into account future prices, but also

the future probability of war in deciding how much to extract today.

Similarly, the representative household in country A chooses the demand for resource x;! as



a solution to

max u(z]) — pixi, (11)
x>0

which gives us the standard optimality condition

u'(zi) = pr. (12)

We denote the total supply of the resource by 2. Market clearing implies that the price
sequence {p;},-, must be such that
v = (13)

for all ¢.

In addition, the country A government can impose a lump sum tax on its citizens of size
[ (my¢) in order order to invest in armament m;, and it can choose to attack country S at any
date.

More specifically, we consider the following sequence of events. Since the game is trivial after

the war has occurred, we only focus on the histories for which war has not occurred yet (i.e.

fi-1=0).
1. Country A’s government chooses a level of armament m; > 0.

2. Firms in country S commit to extraction azf > 0 and households in country A commit
to consumption :1:;4 at prices p; in the event that country A does not attack country S at

stage 3.
3. Country A’s government decides whether or not to attack country S.

4. Extraction and consumption take place.

Note that in stage 2, firms and households trade contingent claims on the resource, where
the contingency regards whether or not war is declared at stage 3.8

We can now define a Markov Perfect Competitive Equilibrium (MPCE) formally. Given that
the game is trivial after the war has occurred, we only define strategies for dates t for which
ft—1 = 0. Denote the strategy of the government of country A as ¢ which consists of a pair of
functions ™ and ¢f. In each period, the function ¢™ assigns a probability distribution over
armament decisions m; as a function of e;. The function ¢/ assigns a probability distribution
with which country S attacks as a function of (et, mg, pe, T xf)

Firms and households take price sequences and the sequence of policies by the government

of country A as given. It is important to note that even if war is expected with probability 1 at

$We could alternatively simplify the timing of the game by allowing country A to arm and to make its attacking
decisions in the first stage, and then, if the attack did not occur, households and firms would trade in the second
stage. Under our notion of equilibrium, these two set ups are equivalent. We chose this set up to be consistent
with the timing of the game in Section 4.



date ¢, their choices do take into account the continuation strategy of the government and the
future sequence of prices from ¢ 4+ 1 onward in the event that war is not actually declared at ¢.
Therefore, allocations and prices conditional on war never being declared need to be specified
as part of the equilibrium. To do this, let us define a sequence v = {ez‘, pr,ay, xf*}zo, where
each element at ¢ corresponds to the values of (et, Dt :cf , xf) which would emerge if f;_1 = 0.
Given such a sequence 7, one can define U4 (e} ) as the welfare of (the representative household
in) country starting from ef conditional on f;_; = 0. Given this definition, the period t payoff

to country A, starting from e} under f;_; = 0 and conditional on some choice (my, fi), is
(1= fo) (u (™) = pia™ + BUA (€),1)) + fiV (w (me) ef) — 1 (my) . (14)

The first term is the value in case of no war, while the second term is the continuation value

following war.

Definition 1 A Markov Perfect Competitive Equilibrium (MPCE) consists of ¢ and v such
that:

1. Given vy, ¢ mazimizes (14) for every e} in 7.

2. ol mazimizes (14) given my for every (ef,pf,xf*,xf*) n 7y, and

3. v satisfies (3), (10), (12), and (13) with Pr{fi+1 =0} = of (ejﬂ,mjﬂ,pjﬂ,xfjl,xfjl).

Under this definition of equilibrium, the government in country A makes its armament and
fighting decisions optimally today, taking into account its future behavior and that of the private
sector in the event that war is not declared today.” Furthermore, firms and households behave
optimally today, taking into account the future behavior of the government in the event that
war is not declared today. In our definition, we impose that the continuation equilibrium in the
event that war does not happen today must always be such that households and firms optimize,
markets clear, and country A is choosing its best response.

Without imposing further restrictions, there is an indeterminacy of equilibria at the point
where e, = 0 because country A would then be indifferent between choosing f; = 0 on the
one hand and m; = 0 and f; = 1 on the other (provided that w (0) is finite). To avoid this
economically uninteresting multiplicity, throughout we suppose that there is a cost of war equal
to v > 0 for country A and consider equilibria in the limiting case v — 0. Throughout, MPCE
refers to such limiting equilibria or “refined” MPCE.!? Consequently, when u(0) is finite, MPCE
will involve no war at e, = 0. When u (0) = —oo, there may still be war at e; = 0, and we

formally analyze this limit in the Appendix.

9We have put the qualifier Markov for the reasons outlined in footnote 1.
10T his refinement is in the spirit of “trembling hand perfection” and rules out equilibria supported by weakly
dominated strategies for country A.

10



3.2 Analysis

Our first result establishes the existence of (refined) MPCE in the above-described environment.
Lemma 1 An MPCE exists.

Proof. See Appendix. m
We next characterize MPCEs. As a benchmark, it is useful to consider a case when country
A cannot arm and attack by restricting f; = 0 for all ¢. In that case there is no uncertainty
and the first-order conditions to (10), (12), and (13) imply that the equilibrium prices p; must
satisfy
Bpi+1 = pr- (15)

This is a market form of the famous Hotelling rule and requires that prices of the exhaustible
resource grow at the rate of interests, which is also equal to the discount rate ((1 — ) /3). The
intuition is straightforward: since producers are price-taking and can extract the resource at
no cost, there will only be positive extraction at all dates if they make the same profits by
extracting at any date, which implies (15). Moreover, given the Inada conditions on the utility
function and (12), having zero extraction at some date is not consistent with equilibrium. Hence
(15) must hold in any MPCE.

The connection between (15) and be Hotelling rule can be seen more explicitly by using (10),

(12), and (13), which imply that the sequence of resource consumption {z;};-, must satisfy
B (1) = u'(wr) (16)

at all ¢, which is the familiar form of the Hotelling rule (with zero extraction costs).

We next turn to country A’s armament and war decisions and characterize MPCE. We first
consider pure-strategy equilibria (where o/ is either 0 or 1 at each date). This gives us our first
result, showing that because of the externalities that the production decisions of price-taking

firms create on others, wars cannot be delayed in pure-strategy equilibria.
Proposition 1 In any pure-strateqy MPCE:

1. War can only occur at t =0, and

2. The equilibrium sequence of resource extraction, x;, satisfies (16) for all t.

Proof. Suppose country A attacks in period period T' > 0 with probability 1. From (10),
firms extract all the resource before period T, so that e; = 0 for some ¢t < T'. This implies that
xp = 0. First, suppose u(0) is finite. In this case country A does not attack country S over
zero endowment, no attack occurs in period 7' leading to a contradiction. Alternatively, suppose

that u(0) = —oo. In this case the equilibrium payoff for country A in period 0 is —oo. If country
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A deviates in period 0 and chooses the level of armament m*(ep) and attacks country S, its
equilibrium pay-off is
V(w(m*(eo))eo) — I(m*(eq)) > —o0.

Therefore country A attacks country S in period 0 and no attack occurs in period 7. This
establishes the first part of the proposition. If an attack occurs in period 0, the first-order
conditions to (4) imply that z; must satisfy (16). If no attack occurs in period 0, f; = 0 for all
t and the argument preceding the proposition establishes (16). ®

This proposition shows that in pure-strategy equilibria, wars cannot be delayed. The intuition
is simple and directly related to the externalities across firms: if there is a war at time 7', price-
taking firms will deplete their entire endowment before T', and this will encourage war to be
declared earlier.

This result also implies that along the equilibrium path, consumption of the resource satisfies
the Hotelling rule (16) and that there are no intertemporal distortions. If there is no war at
t = 0, then the equilibrium is identical to the benchmark competitive equilibrium in which war
is not possible. If there is war at ¢ = 0, then country A seizes a fraction w (m* (eg)) of the
initial endowment and it extracts resources according to (16) since this maximizes the welfare
of households in country A.

To further characterize under which conditions wars may occur and to explore the possibility
of mixed strategy equilibria, we restrict attention to utility functions that imply a constant
elasticity of demand for the resource. This is the same as the commonly used class of constant

relative risk aversion (CRRA) or iso-elastic preferences:

pl-1/0 _q

u@) =597,

(17)

for o > 0. Clearly, the elasticity of demand for the exhaustible resource is constant and equal to
—u' (z) / (zu” (x)) = 0. As we will see, when o < 1, which is the empirically relevant case for oil
(and perhaps also for other exhaustible resources), total spending on the exhaustible resource
increases over time as its endowment is depleted and the price increase dominates the reduction
in quantity. When preferences take this form, we can generalize Proposition 1 to any MPCE

(i.e., also those in mixed strategies) provided that o # 1.
Proposition 2 Suppose preferences satisfy (17) and o # 1. Then in any mized-strateqgy MPCE:

1. War can only occur att =0, and

2. The equilibrium sequence of resource extraction, x;, satisfies (16) for all t.

Proof. See Appendix. =

To understand the intuition for this proposition it is useful to consider how country A’s

incentives to declare war change over time as the endowment of the exhaustible resource declines.
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To do this, consider the special case where w (+) is a step function. In particular, if country A
invests m > 0 in armament, it will receive the entire remaining endowment of the exhaustible
resource, i.e., w(m) = 1. If it invests less, it will obtain none of the endowment. This functional
form implies that country A is effectively choosing between zero armaments (and no war), and
armaments equal to m to obtain the entire endowment of the resource. Suppose further that
country A is choosing between going to war at time ¢ and permanent peace thereafter. Thus if it
does not declare war at time ¢, the subsequent allocations are given by the standard competitive

equilibrium allocations, denoted by {xt o DR €5k k 0 It is straightforward to show that

/o
vite = (1= B%) efy pisy = (2954)
to country A in period ¢ from not going to war is equal to

;and ef$, | = efS, — xS, This implies that the payoff

U“(er) = Zﬁk u(ziir) Zﬁkakak

k=0

_ Z/Bk wt+k (1 _50') 1/0( ce)l ]./0'

If country A invests m in armament in period ¢t and declares war, then, under the assumption

here that w(m) = 1, its payoff is given by
~ k ~
V(w(m)e) Zﬁ u(zily) — U(m).
This implies that the difference between the payoffs from war and no war is equal to

V(w(m)er) — 1(m) — U*(e) = (1 — B7) "7 (e5) 17 — ().

Since {ef¢};°, is a decreasing sequence by construction, this expression monotonically decreases
to zero if o is greater than 1 and monotonically increases towards infinity if o is less than
1. Therefore, depending on the elasticity of demand for the resource, the payoff from war
either monotonically converges to zero or becomes unboundedly large. Which of these two cases
applies depends on whether the payments that country A makes to country S in competitive
equilibrium, )7, /kafikxfik, converge to zero or infinity. This logic allows us to show in the
proof of Proposition 2 that if demand is elastic (o is greater than one), incentives to fight must
be decreasing for country A. In particular, if it weakly prefers peace to war in any period ¢, it
strictly prefers peace in all the subsequent periods. Alternatively, if the demand for the resource
is inelastic (o is less than one), incentives to fight must be increasing and country A eventually
prefers war in which case the arguments of Proposition 1 apply directly. In particular in this
case war must occur with probability 1 independently of the cost of armaments [(m) and the
cost of war to country S. It is straightforward to see that the same conclusion holds if country

A could, as in our model, choose to go to war at any date it wishes.
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This special case illustrates the key intuition underlying Proposition 2. More generally, war

has an additional cost for country A, which is that a fraction 1 — w(m™*(e)) of the endowment
is lost in war. If this cost is sufficiently high, country A may prefer not to attack country S
even if its equilibrium payments » 7, ﬁkpt+kxt+k diverge to infinity. All the same, the main
insights and the factors affecting the comparison between war and no war remain the same as
in the case where w(m) = 1.

The next proposition contains the main result of the competitive environment. It charac-
terizes the conditions under which a pure-strategy equilibrium exists and when it will involve

war.
Proposition 3 Suppose [ (-) and w (-) satisfy the assumptions in Section 2. Then:

1. Suppose o > 1. Then there exists € > 0 such that if e < €, then the unique MPCE is in
pure strategies and has no war along the equilibrium path, and if ey > €, then the unique

MPCE is in mized strategies and has war at date 0 with probability 1.

2. Suppose o < 1. Then there exists W < 1 such that if lim, 7 w(m) < W, the unique MPCE
is in pure strategies and has no war along the equilibrium path, and if lim, 5 w(m) > @,

the unique MPCE is in pure strategies and has war at date 0 with probability 1.

Proof. See Appendix. m

This proposition therefore shows that in the empirically more relevant case where o < 1,
the equilibrium is always in pure strategies, and moreover, provided that country A is capable
of capturing most of the remaining endowment of the resource, the equilibrium will involve
war at the initial date. The intuition for this result follows from Proposition 2. When o < 1,
spending on the resource and incentives to declare war increase over time. If, by spending the
necessary resources, country A can capture a sufficient fraction of the remaining endowment
of the resource, it will necessarily find it optimal to declare war at some point. The condition
lim,, 7 w(m) > w ensures the latter requirement. But we know from Proposition 1 that if
war will occur in pure strategies, it must occur at the initial date. In particular, anticipating
war, country S produces would always deplete the entire resource and this induces country A
to jump the gun and declare war at the initial date. Notably, this conclusion is independent of
the cost of war to country A, i.e., the function [ (-), and the cost of war to country S, —%. In
particular, this proposition applies even if ¢p = —oo. In this case, of course, war is extremely
costly to the citizens of country S, but under our assumption that resource extraction takes
place competitively, firms in this country can take no action to stave off a very costly war. This
is one of the main motivations for our analysis of the “monopolistic” environment, where such
actions will be possible. For future reference, we state this simple implication of Proposition 3

as a corollary.

Corollary 1 If o < 1 and if lim,,_,5 w(m) is sufficiently close to 1, then war will take place at
date 0 even if 1 = —o0.
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Finally, Proposition 3 does not cover the knife-edge case where o = 1, which turns out to
be more complicated. When o = 1, the demand for the resource has unitary elasticity and
the equilibrium payment p;x; is constant over time (independent of e;). It can then be shown
that when ¢ = 1 and when there exists a pure-strategy equilibrium with no war, there also
exist mixed-strategy equilibria. In particular, country A might mix with a constant probability
between war and no war at each date. When such a mixed-strategy equilibrium exists, it will
involve equilibrium prices that rise at a faster rate than (1 — 3)/8 and equilibrium allocations
and prices will deviate from the Hotelling rule (16). Since such equilibria are only possible in
the knife-edge case where 0 = 1, we do not dwell on them. Hence, we can also conclude that
in the competitive environment, the extraction patterns and prices always satisfy the Hotelling

rule. We will see that this is also not true in the monopolistic environment we study next.

4 Monopolistic Environment

From the point of view of country S, the competitive equilibrium is suboptimal for two reasons.
The first is the standard price effect. Each producer, by extracting more, is reducing the price
faced by other producers. In traditional trade models, this price effect is sometimes internalized
by using “optimal” import and export taxes. The second is a novel externality resulting from the
military actions of country A in response to the equilibrium path of prices. Recall the second part
of Proposition 3 with w(m) = 1 and o < 1. In this case, war is unavoidable under competitive
markets and occurs immediately, even though the cost of war, —¢, may be arbitrarily high for
country S. War occurs because as the price of the resource increases, payments from country A
households to country S firms become arbitrarily large. Yet price-taking firms do not internalize
that high resource prices increase incentives to fight for country A. If country S could somehow
reduce these payments, it may be able to avoid war. The government of country .S might, for
example, impose regulations on the price of the resource in order to prevent war or to improve
the welfare of its citizens. In this section we study equilibrium allocations under such regulation.
We will see that by regulating the levels of prices and production, the government of country
S can indeed internalize the externalities, and that a consequence of this will be deviations of
prices from the Hotelling rule. However, we will also see that this type of monopolistic behavior
by country S introduces a new externality due to its inability to commit to providing attractive
terms of trade to country A. Consequently, we will see that even though the monopolistic
environment may be more effective at preventing war under certain conditions, it can also
increase the likelihood of war and may even make country S worse off, despite its ability to act

as the monopolist (Stackleberg leader) in its interactions with country A.

4.1 Timing of Events and Markov Perfect Monopolistic Equilibrium

We consider the simplest possible way of modeling such regulations, which will involve the

country S government acting as a “monopolist” that sets prices and quantities recognizing their
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implications for current and future economic and military actions. In particular, suppose that
the government sets nonlinear tariffs to control both the level of the price of the resource and
its production. Given this resulting price-quantity pair, country A can still declare war. This
environment is evidently equivalent to one in which country S makes a take-it-or-leave-it price-
quantity offer to country A. In what follows, we directly study a game in which country S makes
such offers (and do not explicitly introduce the nonlinear tariffs to save on notation).

More specifically, we consider the following game. At every date t at which war has not
yet occurred, country A chooses the level of armament m;. Next, (the government of) country
S makes a take-it-or-leave-it offer z; = {z?,¢?} to country A, consisting of an offered delivery
of 7 units of the resource in exchange for —c¢? units of the consumption good. Country A
then accepts or rejects this offer, which is denoted by a; = {0,1}, with a; = 1 corresponding
to acceptance. Conditional on rejecting the offer, country A then chooses whether or not to
declare war on country S. As in Section 3, the continuation payoff to country A following war
is V (w (my) et) — L (my¢), and the continuation payoff for country S is ¢. If country A accepts
the offer, then the the flow utilities to households in country A and S are u (z?) + ¢ — [ ()
and —cf, respectively. If instead country A rejects the offer and does not declare war, then the
flow utilities to households in country A and S are u (0) — [ (m;) and 0, respectively

We formally summarize the order of events for all periods ¢ for which f;—1 = 0 as follows:
1. Country A’s government chooses a level of armament m;.
2. Country S’s government makes a take-it-or-leave-it offer z; to country A.

3. Country A’s government decides whether or not to accept the offer a;. If a; = 0, it can

declare war by choosing f;.
4. Extraction and consumption take place.

The timing of events makes it clear that this is a dynamic game between the two countries,
and we consider its Markov Perfect Equilibrium, which refer to as Markov Perfect Monopolistic
Equilibrium (MPME). This equilibrium is similar to an MPCE with the exception that firm and
consumer optimality is no longer required, since country S’s and country A’s governments jointly
determine the transfer of goods across countries. In such an equilibrium all actions depend only
on payoff relevant state variables, which here include the endowment, e;, and prior actions at
the same date. As we did in the analysis of MPCE, we define strategies for dates t in which
fi—1 =0 (i.e., for histories where war has not yet occurred).!!

Let country A’s strategy be presented by ¢4 = {(b%, 0%, gbﬁ}. Here ¢'} assigns an armament

decision for every e;; ¢% assigns an acceptance decision for every (e, my, ¢, ¢f); and gb£ assigns a

"1n this case, as opposed to the MPCE, the restriction to Markovian strategies is significant. There also exist
non-Markovian equilibria, where country A can threaten war in the future without arming today. If the discount
factor, [, is sufficiently less than one, then we expect that qualitative behavior in these non-Markovian equilibria
to be similar to MPME that we characterize here as the threat of future war will have limited impact on current
behavior.
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war decision for every (eq, my, z9, ¢, a;), where this decision is constrained to 0 if a; = 1. Country
S’s strategy is denoted by ¢¢ and consists of an offer for every (e;, m;). We allow mixed strategies
for both countries though it will become clear later that only pure strategies are relevant for all,

except for knife-edge, cases. We next provide a formal definition of equilibrium.
Definition 2 A Markov Perfect Monopolistic Equilibrium (MPME) is a pair {¢4, ¢g} where

1. Given ¢g, ¢y mazimizes the welfare of country A for every e:, ¢% mazimizes the welfare
of country A for every (e;, my, xf,¢?), and qbﬁ mazximizes the welfare of country A for every

(e¢,my, 9,7, ar) subject to fr =0 if ap = 1.
2. Given ¢4, ¢g mazimizes the welfare of country S for every (e;, mi) subject to (3).

Given these strategies, we define the equilibrium continuation values {U4 (e;),Ug (e:)} to
countries A and S which constitute the continuation value to each country at the beginning of
the stage game at ¢ conditional on no war in the past. Similar to equation (14) in the previous

section, these continuation values are given by

Ualer) = (1= fi) (u(ze) + e+ BUA (er1)) + [ (V (w () er) — 1 (my))
Us(er) = (1= fi)(=ct+ BUs (er41)) + fiv.

4.2 Analysis

We next characterize the MPME. We show that unlike the competitive environment, the time
path of resource extraction is distorted away from the Hotelling rule.!?> Despite this difference
in price paths, many qualitative features of equilibrium are shaped by the same forces as in
the competitive environment, in particular, by whether the elasticity of demand is greater than
or less than one, which determines whether incentives to declare war increase or decrease over
time. We also show that country S may delay wars or avoid them entirely in some of the cases
when wars are unavoidable under competitive markets. Nevertheless, a naive conjecture that
the monopolistic environment will necessarily reduce the likelihood of war and will make country
S, which is now acting as a Stackleberg leader and making take-it-or-leave-it offers, better off is
not correct. In fact, it is possible for war to occur in a monopolistic equilibrium in cases when
war can be avoided under competitive markets, and country S can have lower utility. Both of
these are because of a new source of distortion in the monopolistic environment, resulting from
the fact that country S cannot commit to making attractive price-quantity offers to country A;
this, in turn, induces country A to invest in armaments at each date in order to improve its

terms of trade.

12The key reason for distortions in the monopolistic equilibrium is the armament decision of country A. To
highlight how armament affects the distortion, in the Appendix we analyze the case where country A can attack
country S without arming. We show that in this case wars never occur and the path of resource extraction satisfies
the Hotelling rule (16).
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We first consider the optimal strategy for country S for a given level of armament m;. Let
U s(e; my) be the value function of country S when its price-quantity offer is accepted by country
A, starting with endowment e; and armament level of country A equal to m;. This value function

is given by the following recursion

Us (er;my) = max {—ci + SUs (er41)} (18)

z¢>0,c¢

subject to the resource constraint (3), and the participation constraint of country A, given by
u(we) + ¢ — Umy) + BUA (e41) = V (w(my)ey) — L(m). (19)

Constraint (19) requires the value of country A when it accepts the price-quantity offer
(x¢,ct) at time ¢ to be greater than its utility if it declares war and captures a fraction w (m;)
of the remaining endowment of country S. In theory, this value also needs to be greater than
the continuation value from rejecting the price-quantity offer but not declaring war. But it can
be easily verified that this latter option is never attractive for country A, and hence there is no
need to specify it as an additional constraint in the maximization problem (18).!3

Moreover, it is straightforward to see that constraint (19) must bind in equilibrium, since

otherwise country S could make an offer with sightly greater transfers and would increase its

payoff. Finally, if U s(er; my) is less than the payoff from war 1), the best response for country S
is to make any offer that violates (19). Thus in equilibrium, starting from (e;, m;), the payoff of
country A is equal to

V (w(my)er) — L(my) (20)

regardless of whether it accepts the price-quantity offer of country S. This implies that country
A’s best response is always to choose a level of armament maximizing (20). We defined this
level of armaments as m* (e;) in equation (8). Therefore, the equilibrium payoffs for countries

A and S can be written as:
Ua(er) =V (w(m™(e))er) — 1(m™(exr)) (21)

and
Us(er) = max {Us (es;m* (e0)) 1} (22)

We next show that an MPME exists.

131n particular, this additional constraint can be written as
u(xe) + e —L(me) + BUA (et+1) > u(0) — 1 (me) + BUA (er) .

Suppose, to obtain a contradiction, that both this constraint and (19) bind. By definition, Ua (e;) = u (x¢) —
I (m¢) + ¢t + BUA (e¢4+1). Combining this with (19), we obtain Ua(e:) = u(0) / (1 — ), which is necessarily less
than V (w (m¢) e¢), showing that this constraint cannot be binding.
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Lemma 2 An MPME exists.

Proof. See Appendix. m

‘We now turn to the first main result of this section.

Proposition 4 Suppose w satisfies assumptions of Section 2. In any MPME, if fi11 =0, then

Bu' (zey1) > o (z¢) if m™ (er41) > 0, and (23)

Bu' (z41) < o' (z¢) if m* (er41) <O.

Proof. See Appendix. =

The main technical difficulty in the proof of this proposition lies in the fact that the value
function Ug(e;) may not be differentiable and we use perturbation arguments in the Appendix
to prove this result. It is easy to verify it heuristically if one assumes differentiability. To do
this, let us substitute (21) into (18), taking into account that since fiy1 = 0, it is the case that
Us (ex;my) = Us (e;). Take the first-order conditions to obtain

W (1) = Bu (ea1) + B (m” (er1)) m™ (ere1) = 0. (24)

Since I’ (-) > 0, equation (24) implies (23).

Proposition 4 shows that the key determinant of the growth rate of the shadow price of the
resource is whether country A increases or decreases armaments as the resource stock declines.
The important underlying reason for this result comes from the inabilities of countries to commit
to long term contracts. If country S could commit in period 0 to a sequence of offers {z;:}$2,,
only one time investments in the armaments of country A would be needed, no war would occur,
and the shadow price of the resource would grow with a rate of time preference.

In this model this commitment is not possible. Country A needs to invest in armament in
each period to obtain better terms of trade from country S. In particular, given the timing of
events above, it is clear that country A will choose armaments at each date in order to maximize
its continuation value V' (w (m (et)) et), since this will be its utility given country S’s take-it-or-
leave-it offer. This continuation value incorporates the sequence of future armament costs as
well, and so country S will take these into account also when deciding path of extraction and

prices. To develop this intuition further, let us substitute (21) into (19):

u () + e+ BV (w(m® (ery1)) erpr) — Lm* (er41)) 2 V (w (m” (er)) er) - (25)

Suppose that armaments increase as the resource stock decreases. The increase in m; implies
that constraint (25) becomes harder to satisfy over time. If country S extracts € units of resources
less in period ¢ and € more in period ¢+ 1, holding everything fixed, it changes payoff of country
A by (Bu/(x141) — v (2¢)) €. In addition, it relaxes constraint (25) since the stock of resources is

higher so that armament by country A declines, and this allows country S to decrease the offer
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of ¢;. Therefore, as long as Su/(z441) — v/ (x) > 0, country S can be made better off postponing
resource extraction into the next period. Thus, it must be the case that fu/(xi41) —u' (z4) < 0 in
equilibrium. When the amount of armament is decreasing in e;, this effect works in the opposite
direction.

Note that Proposition 4 does not specify under what conditions on the primitives m*(e;) is

increasing or decreasing in e. This is stated in the next proposition.

Proposition 5 If —u/ (z) / (zu” (z)) < 1 for all z, then m™ (e;) < 0. Conversely, if —u' (z) / (zu” (z)) >
1 for all x, then m* (e;) > 0.

Proof. See the Appendix. m
This proposition relates the sign of m* (e;) and the growth rate of the shadow value of
the natural resource to the elasticity of demand for the resource. An immediate corollary that

further clarifies the result in the proposition is presented next:

Corollary 2 Suppose preferences are given by (17). Then if o0 < 1, m* (e;) <0, and if o > 1,
m* (e;) > 0.

Proposition 5 and the corollary are intuitive. We saw in Section 3 that elasticity of demand
played a crucial role in determining whether incentives to declare war increase or decrease as the
endowment of the resource is depleted. The same effect determines the equilibrium armaments
for country A in the monopolistic environment. When ¢ < 1, demand is inelastic and the
value of the resource, V'(e;)e;s, increases over time. This induces country A to invest more in
armaments. Country S internalizes the effect of resource depletion on country A’s incentives to
arm (as it can hold country A down to its continuation value). It then counteracts the rise in
country A’s armament costs by reducing the rate of resource extraction. This is equivalent to a
(shadow) price sequence growing at a slower rate than (1 — ) /8 (the Hotelling benchmark). In
contrast, if o > 1, demand is elastic and the value of the resource and country A’s armaments are
decreasing in the endowment. In this case, country S can further reduce country A’s armament
costs by raising the rate of resource depletion.

A natural question concerns the conditions under which war or occurs or war is avoided in
the monopolistic environment. A naive conjecture is that country S’s ability to regulate the
price and the level of production of the resource will make wars less likely and its citizens
better off relative to their level of utility in the competitive equilibrium. This conjecture is
not correct, however, because there is also a new distortion in the monopolistic environment.
Recall that at each date country S makes a price-quantity that gives to country A utility equal
to V (w(my)et) — I (my). It cannot commit to giving a higher utility to country A—unless the
latter invests more in armaments. This implies that unless country A invests in armaments at
each date, it will not receive favorable terms of trades. Therefore, the monopolistic environment

encourages investments in armaments at each date, whereas in the competitive environment
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country A did not need to invest in arms in periods in which it did not declare war. Moreover,
since country S needs to give country A at least utility Ua (e;) =V (w (m* (e¢)) er) — 1 (m* (es)),
it effectively pays for country A’s future costs of armaments, so country S may be made worse
off by its ability to make take-it-or-leave-it offers, or by its inability to make a commitment to
future paths of prices and production. The next proposition exploits this new distortion and

shows why the above-mentioned conjecture is incorrect.
Proposition 6 In an MPMEFE,

1. War is avoided if preferences satisfy (17) for o <1 and
—Bl(m) >4 (1-p), (26)

2. War can be avoided when war necessarily occurs in an MPCE, and country S can have a
higher utility relative to the MPCE,

3. War occurs with probability 1 if preferences satisfy (17) for o <1 and
—Bl(m* (e)) < (1—p) — (1 —w (m* (e))l—l/”) V (e) Ve < eq, and (27)

4. War can occur with probability 1 when war is necessarily avoided in the MPCE, and country
S can have a lower utility than in the MPCE.

Proof. See Appendix. m

The first part of the proposition shows that, under some circumstances, the ability for coun-
try S to control resource extraction allows it to avoid wars in situations in which the cost of
armament is bounded below the cost of war. For instance if ¢y = —o0o, so that war is infinitely
costly to country S, then country .S avoids war in any monopolistic equilibrium and this is true
even though wars may be inevitable in the competitive equilibrium. Similarly, if m < oo, war
does not take place in MPME for large but finite ). The second part of the proposition is a
simple consequence of the first. When war is highly costly the country S and takes place in the
competitive environment but not in the monopolistic environment, then country S’s utility will
clearly be higher in the monopolistic environment.

Nonetheless, parts 3 and 4 of the proposition show that the opposites of these conclusions
might also be true. In particular, if ¢ is sufficiently low, offers necessary to secure peace may be
very costly for country S, especially since it is implicitly paying for the costs of future armament.
In this case, wars can occur along the equilibrium path. More specifically, in contrast to Section
3, country A needs to make costly investments in armament in each period, even if war does not
take place. This is because, as we noted above, country S cannot commit to making attractive

offers unless country A has an effective threat of war, and thus country A is induced to invest in
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armaments to improve its terms of trade. But this means that war will reduce future armored
costs, and thus to secure peace, country S must make offers that compensate country A for
the costs of future armament. If these costs are increasing to infinity along the equilibrium
path, then the cost to country S of such offers may eventually exceed the cost from war, —1,
which means that war cannot be permanently avoided. More generally, this cost of war may be
sufficiently low that country S prefers to allow immediate war in the monopolistic equilibrium
even though war does not occur in the competitive equilibrium.

In sum, allowing country S to control the extraction of resource introduces two new economic
forces relative to the competitive environment. On the one hand, it implies that country S
controls the externalities generated by competitive firms. On the other hand, it also introduces
strategic interactions between the two countries, particularly related to country S’s inability to
commit to making attractive offers to country A without armaments by the latter. This lack
of commitment implies that country A will have an incentive to use investments in armaments
in order to enhance its terms of trade, even when war will not take place along the equilibrium
path. The first force implies that war can be avoided or delayed in the monopolistic equilibrium
in situations in which it is inevitable in the competitive equilibrium. The second force implies
that war takes place in the monopolistic equilibrium in situations in which it does not occur in

the competitive equilibrium since country A must now invest in armament under peace.

5 Extensions

We consider several extensions of the monopolistic environment in order to highlight the robust-
ness of our main result in Propositions 4 and 5. To simplify our discussion, we assume 1) — —o0

so that wars never occur along the equilibrium path.

5.1 Armament in Defense

In practice, a defending country S can also invest in armament in order to deter an attack. In
this section, we consider an extension of our framework which allows country S to also invest in
armament.

Formally, at every ¢, country S can invest in armament mg; > 0 which costs [ (mg;) whereas
country A invests in armament m4; > 0 which costs [ (m4;) as before. Country S continues to
achieve a payoff ¢ in the event of war, though country A now receives a fraction of the remaining
endowment w (m4¢, mg) which is increasing and concave in m4; and decreasing an convex in
mgy with limy, ,, 0 W ,, (Ma, mg) = — limy, 4,0 Wi, (Ma, mg) = 00.

The order of events at t if f;_1 = 0 is exactly as in Section 4 with the exception that in
the first stage, countries A and S simultaneously choose m 4; and mg;, respectively. Using this
framework, we can define the MPME as in Section 4 with U4 (e;) and Us (e;) denoting the

continuation values to countries A and S, respectively, given endowment e;.
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By the same reasoning as in Section 4, at all ¢ country A chooses the level of armament
which maximizes its payoff from war in order to receive the most favorable offer from country
S. More specifically, it must be that in equilibrium ma; = m% (e, mg;) for

ma (e, mst) = argmax V' (w (ma, mse) er) — L(ma)
Given our assumptions on u (-), w(-), and [ (-), m% (e;, mss) > 0 and is a continuously differen-

tiable function in all of its elements. Since country S makes country A indifferent to going to

war, this implies an analogous equation to (21):
Ua (er) =V (w (mjy (er,mse) ;mse) er) — L(miy (er, mst)) -

Moreover, analogous arguments to those of Section 4 imply that if Usg (e¢;mag; M) corre-
sponds to country S’s welfare from its optimal offer conditional on e;, ma¢, and mgy, then it

must satisfy:

Us (et;mar; msy) = Joax {—ct — U(mse) + BUs (e1+1)} (28)

s.t. (3), and
w(zy) + ¢ —1L(mar) + BUA (er41) >V (w (mag, mse) er) — 1L (may) - (29)
Given that ¥ = —o0o, country S always makes an offer which is accepted and it is the case

that Ug (e;) = Ug (et;mag, mgy). Since the optimal offer lets (29) bind, substitution of (29) into
(28) implies that the optimal value of mg; which maximizes Ug (e;) satisfies mg; = m§ (e, maz)
for

ﬁ”b*s (et,may) = arg HTanX =V (w (mas, msy) e¢) — L (mg)

for m¥ (e4, mar) > 0 which is also continuously differentiable.

Note that given this formulation, it is not necessarily always going to be the case in an
MPME that Uy (e;) is differentiable as in Section 4. To facilitate the analysis, we therefore only
focus here on MPME for which Uy (e;) is differentiable. This means that this environment one
can define {m? (e;),m% (e;)} which represents two continuously differentiable functions which
correspond to the equilibrium level of armament for each country conditional on the endowment

Ct.
Proposition 7 In any MPME,

1. Resource extraction satisfies

Bu (xeq1) > ' (ze) if U (m (er)) mi (err1) +1' (m

Bu (we41) < o () if I (mly (er)) m (e1) +1' (m
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2. If u satisfies
—u' (z) / (zu” (z)) > (<) 1 for all z,

then m’{ (e;) > (<)0 and m¥ (e;) > (<) 0.

Proof. See Appendix. m

Proposition 7 states that the shadow value of the resource rises slower (faster) relative to
the Hotelling rule if both m* (e;41) and m¥ (e441) rise (decline) as the resource is depleted.
The intuition for this result is analogous to that of Proposition 4, with the exception that in
addition to considering the future armament of country A, country S depletes resources taking
into account how future values of the endowment will affect its own armament, both directly by
changing incentives to arm holding country A’s armament fixed and also indirectly by changing
country A’s armament which co-moves with its own armament.

The second part of the proposition states that if the elasticity of demand exceeds (is below) 1,
then the armaments of both country A and country S decline (rise) as the resource is depleted
along the equilibrium path. The intuition for this result is the same as that for Proposition
5, with the exception that it takes into account how country A and country S are choosing

armaments which optimally react to each other.

5.2 Competing Countries

In practice, international conflict over resources can involve multiple competing resource-poor
countries. In this section we consider the implications of allowing for N resource-poor countries
labeled by i = {1,..., N} which compete over the resources from country S. The economy is

isomorphic to that of Section 4, though the resource constraint is replaced by

N
€t+1 = €t — me (30)
i=1

where z;; > 0 corresponds to the consumption of the resource by the households (each of mass
1) in country ¢ and cy ; 0 again refers to the consumption good. The flow utility to country
from its consumption of the resource and the consumption good is equal to u (x;) + ¢; and it
discounts the future at the rate 5. As such, country S’s flow utility from the consumption good
equals Ef\i 1 —¢;it and it discounts the future at the rate 3.

At any date ¢, country ¢ can invest in armament m;; > 0 which costs [ (m;;), and it declare a
war. The continuation value to country i from war is equal to V' (w; (mg, m_;;) e;) — I (my) for

V () defined as in (4) for a given function w; (-) € [0, 1] which is increasing and concave in m;
N

j=Lii
w; () satisfies limy,,, 0 Wim,, (Mit, m_;) = co. The interpretation of V' (-) and w; (-) is that in

but decreasing and convex in every element of the vector m_;; = {m.} We assume that

the event of a war, country ¢ seizes a fraction wj (-) of the remaining endowment of the resource

stock which is increasing in country 7’s armament and decreasing in the armament of country 7’s
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rivals. This outcome can emerge because of a world war in which all countries fight each other.
Given this interpretation, we let fr = 0 denote that no war has been declared by any country
in periods t =0, ...,T, and we let fr = 1 denote that war has been declared by some country in
period t < T.14

At every date ¢, country S’s government publicly makes a take-it-or-leave-it offer to each
country 1, {:cft, c?t}, consisting of a quantity of resource to be traded in exchange of the con-
sumption good for each i. For simplicity, we assume that rejection of the offer by any country ¢
automatically leads to world war.

The order of events for all periods ¢ for which f; 1 = 0 is as follows:

1. Each country ¢ government chooses a level of armament m;;.

[\V)

. Country S’s government makes a take-it-or-leave-it offer {:cht, c?t} to each 1.
3. Each country ¢ government decides whether or not to declare world war.

4. Consumption takes place.

Using this framework, we can define the MPME as in Section 4. We define U; (e;) the
continuation value to country i conditional on e; and f;_1 = 0 and we define Ug (e;) analogously
for country S. Since ¢ = —oo, war is always avoided along the equilibrium path.

By the same reasoning as in Section 4, at all ¢t country ¢ chooses the level of armament which
maximizes its payoff from war in order to receive the most favorable offer from country S. More
specifically, it must be that in equilibrium m; = m; (e;, m_;) for

mj (er, mjp) = argmax V' (w; (mi, m—it) e) — 1 (m) .
Given our assumptions on u (-), w; (+), and [ (-), m} (e;,m_;;) > 0 and is a continuously differ-

entiable function in all of its elements. This implies an analogous equation to (21):

Ui(er) =V (wi (m] (e, m_z) ,m_g)e;) — L (m] (er, m_j))

*
J
always going to be the case in an MPME that U; (e;) is continuously differentiable as in the case

for all i where mj; = m? (e, m_j;) for all j. Note that given this formulation, it is not necessarily
of Section 4. To facilitate the analysis, we therefore only focus here on MPME for which U; (e;) is
differentiable. This means that in this environment one can define {m; (et)}i]i , which represents
N continuously differentiable functions which correspond to the equilibrium level of armament

for each country i conditional on the endowment e;.

Proposition 8 In any MPME,

Y Our analysis can also be interpreted as applying to a situation in which only country 4 attacks country S and
it seizes a fraction of the oil which is decreasing in the armament of its rivals.
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1. Resource extraction satisfies
Bu (xir1) > u (wy) if Zl m; (et+1) )) m m (ery1) > 0 V) and
pu (zitp1) < o (zy) if Zl m} (ery1)) my (ery1) < 0 V), and

2. If u satisfies
—u (z) / (zu” (z)) > (<) 1 for all z,

then mj' (e¢) > (<) 0 for all j.

Proof. See Appendix. m

Proposition 8 states that the shadow value of resources in country i grows faster or slower
than the inverse rate of time preference depending on whether the level of armament for all
countries is increasing or decreasing in the resource endowment. The intuition for Proposition
8 is similar to that of Proposition 4 with the exception that Proposition 8 takes into account
how future values of the endowment e, affect the armament of all countries jointly. In other
words, it takes into account the strategic behavior of countries vis a vis each other.

More specifically, countries will have an incentive to arm more (less) if their rivals are also
arming more (less), and this implies that armaments around the world will co-move as the
endowment depletes. The second part of Proposition 8 which is analogous to Proposition 5
states that whether armament increases or decreases as the endowment is depleted depends on
the elasticity of demand. The intuition for this is the same in the case of one resource-poor
country, the magnitude of this change is now also affected by the change in the armament
behavior of neighbors.

To illustrate the complementarity in armament decisions across countries, it is useful to
consider a simple example in which we can explore the consequences of changing the number of
competing countries N. Suppose that preferences satisfy (17) so that the elasticity of demand
is constant. Moreover, suppose that the outstanding stock of the resource at ¢ is Ne;. This
normalization implies that the per capita level of the resource is constant and it allows us to

15

consider how armament decisions change as the level of competition changes.”> Moreover, let

wj (+) and [ (+) take the following functional forms:
w; (Mg, m_g) = _ Mt andl (M) = myy. (31)

N .
j=1Mjt

15Qur results do not depend on this normalization, but we impose it here in order to make the intuition simpler
to understand since it implies that the sensitivity of m; (e;) with respect to e; rises in N.
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In this environment, it can be shown that m] (e) satisfies:

N —1 1o 1-1
mi e = () 4= gm) e g7 (32)
so that it is increasing in the level of competition N. Intuitively, if more countries compete,
returns to arming are higher and these returns become more sensitive to changes in the endow-

ment. Therefore, country S takes this into account in deciding the time path of extraction.

Proposition 9 Under (17) and (31),

1. v (1) = (1/p) ' (z44) for all t,
2. 1/p>(<)1/B if o > (<) 1, and
3. |p— Pl is rising in N if o # 1.

Proof. See Appendix. m

This proposition states that under (17) and (31) the growth rate of the shadow value of the
resource is constant and depends on the elasticity of substitution o. Interestingly, the last part
of this lemma states that the distortion in this growth rate from the Hotelling rule is increasing
in the level of international competition. The intuition for this is that as N rises, the marginal
benefit of armament rises so that global armament becomes more sensitive to changes in the
resource endowment. For instance, if ¢ < 1 so that armament is rising along the equilibrium
path, an increase in the level of international competition increases the incentive for country
S to slow down the rate of resource depletion so as to mitigate the rise in armament. This
occurs precisely because complementarities in global armament rises as international competition

increases.

5.3 Alternative Preferences

A natural question is the extent to which our conclusions depend on our assumption of quasi-
linear preferences for country A. In this section, we show that our general conclusion embedded
in Proposition 4 holds. More specifically, consider an environment in which the flow utility to
country A is equal to

U (mtv Ct, 7mt) )

where u (-) is increasing and globally concave in x4, ¢, and —my. Let lim,_gu, () = oo and
lim, 0 uy (+) = 0. For simplicity, we assume that u (-) is defined for all values of ¢ % 0.

Note that in this environment, the Hotelling rule can be written as:

Ug ($t+1, Ct+1, —mt+1) /Uc ($t+1, Ct+1, _mt+1) = (1/3) Uy (wt, Ct, —mt) /uc (l‘t, Ct, —mt) y
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so that the marginal rate of substitution between the resource and the consumption good rises
at the rate of interest.
Consider the order of events and define the MPME as in Section 4. In this environment, we

can define:

Vi(e) = max u (e, 0, —my) + Zﬁku (4+%,0,0) s.t. (5) —(?7).

{xt+k7€t+k+l}z<>:07mt k=1

V (e;) corresponds to the highest continuation value that country A can achieve in the event of
war and it is analogous to V (w (m™* (e;)) e;) — 1 (m* (e;)) in the quasi-linear case. Let m* (e;)

correspond to the value of m; associated with V (et).

Proposition 10 In an MPME,

Ug (41, Cop1, —Mir1) [Ue (Teg1, Copt, —mpy1) > (<) (1/8) ug (24, ¢, =) Jue (2, ¢, —my)

V' (e ue (x c -m
(e141) (1 U (T4, Gt t+1)> > (<)0.
U (To41, Cog1, —Mpg1) e (T, ¢4, —m1)

m* (e411) +

Proof. See Appendix. =

Analogously to Proposition 4, Proposition 10 states that the shadow price of the resource will
rise faster (slower) if armament is increasing (decreasing) in the size of the total resource endow-
ment. Nevertheless, in relating this rate of growth to the inverse discount factor, Proposition 10
differs from Proposition 4 because the rate of growth of the shadow price does not only depend
on m* (e;+1) but also on an additional term which equals zero if preferences are quasi-linear.
This term emerges precisely because even in the absence of endogenous armament, distortions in
the growth rate of the shadow price can emerge if the marginal utility of the consumption good
is time varying. Intuitively, it is cheaper for country S to extract payments from country A while
still inducing it away from war if country A’s marginal utility from the consumption good is
lower. Therefore, if the marginal utility of the consumption good is higher (lower) today relative
to tomorrow, then country S will deplete more (less) of the endowment today. Proposition 10
therefore shows that in addition to this force, the sign of m* (e;y1) continues to play the same
role as in the quasi-linear case. Note that one can conjecture that in a richer environment with
additional smoothing instruments such as bonds, this marginal utility of consumption will not
vary significantly along the equilibrium path so that the dominating effect would emerge from

the direction of m* (e411).

6 Conclusion

This paper analyzed a dynamic environment in which a resource-rich country trades an ex-

haustible resource with a resource-poor country. In every period, the resource-poor country can
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arm and attack the resource-rich country. When the resource is extracted by price-taking firms,
in addition to the standard pecuniary externality across firms, there is a novel externality as each
firm fails to internalize the impact of their extraction on military action by the resource-poor
country. In the empirically relevant case where the demand for the resource is inelastic and the
resource-poor country can capture most of the remaining endowment in a war, this makes war
inevitable. Because the anticipation of future war encourages more rapid extraction, equilibrium
war happens in the initial period.

Externalities across price-taking firms can be internalized by the government of the resource-
rich country regulating the price and the level of production of the resource. This “monopolistic”
environment can prevent or delay wars when they occur immediately under competitive mar-
kets. The resource-rich country does so by making offers that leave the resource-poor country
indifferent between war and peace at each date. Interestingly, this involves a deviation from the
Hotelling rule, because depending on whether incentives for war are increasing or decreasing in
the remaining endowment of the resource, the resource-rich country prefers to adopt a slower
or more rapid rate of extraction of the resource than that implied by the Hotelling rule. In
particular, in the empirically relevant case where the demand elasticity for the resource is less
than one, extraction is slower and resource prices increase more slowly than under the Hotelling
rule because this enables the resource-rich country to slow down the increase in armaments,
for which it is paying indirectly. Conversely, when demand is elastic, the resource-rich country
can reduce armaments cost by adopting a more rapid path of resource extraction than the one
implied by Hotelling rule.

However, a naive conjecture that regulation of prices and quantities by the resource-rich
country will necessarily prevent war and make its citizens necessarily better off is also incorrect.
The monopolistic environment, which allows for such regulation and in fact gives the resource-
rich country the ability to make take-it-or-leave-it offers, leads to a different type of distortion:
because the resource-rich country cannot commit to making attractive offers to the resource-
poor country without the latter arming, the equilibrium path involves armaments at each date.
The resource-rich country must then, implicitly, pay the future costs of armaments in order to
prevent war. This might, paradoxically, make war more likely.

Finally, we also show that the main insights generalize when there are several countries
competing for resources and when the resource-rich country can also invest in armaments for
defense.

We view our paper as a first step in the analysis of interactions between dynamic trade
and inter-country military actions. These ideas appear particularly important in the context of
natural resources since trade is necessarily dynamic and international trade in natural resources
has historically been heavily affected by military conflict or the threat thereof. Despite the
simplicity of the economic environment studied here, both under competitive markets and when
the resource-rich country can regulate prices and quantities, there are rich interactions between

economic equilibria and international conflict. Both the path of prices is affected by the future
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probabilities of war, and war is determined by the paths of prices and quantities. We think
that further study of dynamic interactions between trade, international conflict and political

economy is a fruitful area for future research.
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7 Appendix [Incomplete]

7.1 Proofs from Section 3
Definition of Strategies at e; = 0 for u (0) = —oc0

If the endowment equals 0, then the payoff from war and from peace both equal —oco. We

determine whether or not war occurs in this case by using limit arguments. Specifically, let

U ()= B (u(@i(e) — ' (T (e)) T ()
t=0

for {Z; (e),é (e)};2, which satisfies
u' Ty (e) = (1/B) v (T¢ (¢))

€1 (e) =¢(e) — Tt (e), and €y (e) = e.

UC (e) corresponds to equilibrium welfare of country A in a permanently peaceful competitive
equilibrium starting from endowment e at date 0, where 7, (e) and ¢ (e) correspond to the
resource consumption and resource endowment, respectively, at date ¢ in such an equilibrium.
Define
F(e) = UC (e) = (V (w (m* (¢)) €) — I (m” (€)) — ). (33)

F (e) corresponds to the difference in country A’s welfare between a permanently peaceful com-
petitive equilibrium and war with optimal armament m* (e) starting from endowment e. We
define the behavior of country A starting from 0 endowment in terms of the limiting behavior
of F (e).

Definition 3 If f;_1 = 0 and e, = 0, then country A chooses fy = 0 if lim._o F (e) > 0,

otherwise country A chooses fi = 1.

Proof of Lemma 1

We prove existence of an MPCE for three separate cases: (i) u (0) = —oo and lim._,¢ F' (e) < 0,
the case in which there is infinite disutility from zero oil consumption and country A goes to
war if there is zero oil endowment; (ii) lime0 F'(e) > 0, and F'(e) > 0 Ve < eg, the case in
which country A does not go to war if there is zero oil endowment and country A weakly prefers
permanent peace to immediate war for all feasible endowment levels; and (iii) lim._,o ' (e) > 0
and F (e) < 0 for some e < e, the case in which country A does not go to war if there is
zero oil endowment and country A prefers immediate war to permanent peace for some feasible
endowment levels. For the first two cases, we prove the existence of equilibrium in pure strategies,
and in the third case, we use the possibility of mixed strategies to prove existence.

Part 1. If 4 (0) = —oo and lim._o F'(e) < 0, then by definition, f; = 1 if e, = 0, so

that country A goes to war if there is zero endowment. We can construct an equilibrium with
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immediate war at date 0 as follows. If firms expect country A to declare war at date 1, then
they extract the entire endowment of oil at date 0. This leads to zero oil endowment at date 1
in the event of peace at date 0, which implies that country A would in fact go to war at date
1, verifying the expectation of the firms. Taking this into account, at date 0, country A chooses
between going to immediate war versus having peace at date 0 followed by war at date 1. Under
the latter option, country A receives infinite disutility from consuming zero oil from date 1
onward, and this implies that it strictly prefers going to war at date 0 versus postponing war to
date 1. Formally, let (eg,pg,mos*,xé“*) = (eg,u (ep), €0, €0) and (ej,pf,mf*,x?*) = (0,00,0,0)
Vt > 0. Define country A’s strategy such that conditional on any e; > 0, it chooses m; = m™* (e)
and f; = 1. To check that this constitutes an MPCE, note that {ef,pf,a:f*,xf*}zo satisfies
(3), (10), (12), and (13). To check that country A’s strategy is optimal note that the only
point in the sequence v with ef > 0 is eg. This means that we need only check optimality of its
decision at date 0 of letting mg = m* (eg) and fy = 1. By definition, conditional on choosing
fo =1, myg = m*(eg) is optimal. If instead country A chose fo = 0, then it would receive
x; = 0Vt > 1, achieving a continuation payoff at date 0 of —oo which is strictly dominated by
V (w (m* (eg)) eo) — I (m* (eg)) — v > —oo. Therefore, country A’s strategy is optimal, verifying
the existence of this MPCE.

Part 2. If lim. 0 F (e) > 0, and F'(e) > 0 Ve < e, then country A does not go to
war if there is zero oil endowment and country A weakly prefers permanent peace to imme-
diate war for all feasible endowment levels. It is straightforward to see that this implies that
one can construct an equilibrium with permanent peace since permanent peace weakly dom-
inates immediate war for all equilibrium endowment levels. Formally, {e,’{,p?,mf*,w{‘*}zo =
{€& (eo),u (Tt (e0)) , Tt (€0) , Tt (€0) }yoy- Define country A’s strategy such that conditional on
any e; > 0, it chooses my = 0 and f; = 0. To check that this constitutes and MPCE, note
that {ei‘,pf,xf*,x?*}zo satisfies (3), (10), (12), and (13). To check that country A’s strategy
is optimal, note that since F' (e) > 0 Ve, then for any e} in 7 country A weakly prefers f; = 0
under optimal armament m; = 0 to f; = 1 under optimal armament m; = m™* (e;) so that its
strategy is optimal. This verifies the existence of an MPCE in this case.

Part 3. If lim._o F (e) > 0, and F'(e) < 0 for some e < e, then country A does not go
to war if there is zero oil endowment and country A prefers immediate war to permanent peace
for some feasible endowment levels. This case is the most complicated for the following reasons.
Because F'(e) < 0 for some e < ¢g, a permanently peaceful equilibrium as that constructed in
part 2 may not be incentive compatible for country A since it may prefer immediate war for
some equilibrium endowment level. Moreover, because lim._,g F (¢) > 0, an equilibrium with
immediate war as that constructed in part 1 does not exist. Specifically, if firms expecting war
at date 1 extract the entire endowment at date 0, then at date 1 country A optimally chooses
not to go to war since there is zero endowment, which violates the firms’ expectations of war
at date 1. In proving the existence of equilibrium, we proceed in three steps. First, we define

a point €, and we argue that we need only consider proving existence for initial endowments eq
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which exceed €. Second, we define a point > e, and we prove the existence of equilibrium for
ey € (’é, ?} Third, we prove the existence of equilibrium for ey > z.

First, we show that there exists a threshold € > 0 with the following feature: if eg < €,
then we are in the case of part 2 and there is an equilibrium with permanent peace, and if
eg = €, country A is indifferent between permanent peace and immediate war. This means that
the relevant range of endowments to consider is for eg > €. Formally, define € > 0 such that
F(€) =0and F (e) > 0Ve € [0,€]. To see that such a point € > 0 exists, note that if u (0) > —oo,
then F'(0) = v > 0 and F'(e) < 0 for some e which by continuity implies the existence of € > 0.
Alternatively, if u (0) = —oo, then if it were the case that lim._,o F' (¢) = 0 for some v, then this
would imply that lim._o F' (¢) < 0 under some v/ = v — € for € > 0 chosen arbitrarily small,
which is the relevant case here since we characterize equilibria as v — 0. Therefore, in this case
lime_o F'(e) > 0 and F'(e) < 0 for some e which by continuity implies the existence of € > 0.
Because F'(e) > 0 Ve € [0,¢], if eg < € then the results of part 2 apply. Therefore, we only
consider eg > €.

Second, we show that there exists a threshold z > e, and we characterize equilibrium for
ep < 2. We show that if eo < ;:A\, then the absence of war at date 0 leads to permanent peace from
date 1 onward since firms extract a sufficient level of oil at date 0 that the date 1 endowment
is below ¢, the threshold necessary to embark on a permanently peaceful equilibrium. Taking
this into account, country A decides at date 0 whether it prefers permanent peace to immediate
war, and the ensuing equilibrium depends on whether F' (eg) exceeds or is below 0. Formally,

define ¢ > € for which €1 <§> e e represents an initial endowment at date 0 from which firms

extract the level of resources which leads the economy to an endowment of € at date 1. 2 is
uniquely defined since €; (-) is an increasing function with e; (¢) > e forall e > 0. If eg < e, then
let {ef,pf,xf*,mf‘*}zo = {é (eo),u (T4 (€0)) , Tt (€0) , Tt (€0) }rop- Define country A’s strategy
such that conditional on any e; < €, it chooses m; = 0 and f; = 0. Since ef < eVt > 1, we are
left to specify country A’s strategy at eg. If F'(eg) > 0, then it chooses mo = 0 and fp = 0 at ey,
otherwise it chooses mg = m* (ep) and fy = 1. To check that this constitutes an MPCE, note
that {ef,pf,xf*,mf*}zo satisfies (3), (10), (12), and (13). To check that country A’s strategy
is optimal, note that since F'(e) > 0 Ve < ¢, then country A weakly prefers f; = 0 under optimal
armament m; = 0 to f; = 1 under optimal armament m; = m* (e;) so that its strategy is optimal
for e; < e. Analogous reasoning implies that if F'(eg) > 0, then mg = 0 and fy = 0 is a weakly
dominant strategy, otherwise m = m* (ep) and fop = 1 is optimal. This verifies the existence of
an MPCE in this case for e¢g < z.

Finally, we characterize the equilibrium for ey > e It eg > /8\, then under a permanently
peaceful equilibrium, firms would extract a level of resources at date 0 which would lead to
e1 > e, a point from which the equilibrium cannot be easily characterized. For this rea-
son, we construct an equilibrium which leads firms to extract a level of resources at date 0
which leads to e; = € at date 1 in the absence of war at date 0. This is achieved by hav-

ing the firms expect country A to mix between war and peace at date 0, and this is incentive
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compatible for country A since F'(e;) = 0 so that country A is indifferent between imme-
diate war and permanent peace. At date 1, country A mixes between war and peace, and
if war is avoided at date 1, there is permanent peace from date 2 onward. Taking this into
account at date 0, country A decides whether it prefers immediate war or the continuation
equilibrium just described. Formally, let (e(";,p(*;, xg*,:cf)“*) = (eg,u (eg —€),e0 — €,e0 — €) and
(7, pf, a?*, 2f™) = (€11 (€) , v/ (Ty—1 (€)) , Ty—1 (€) , T4—1 (€)) V¢ > 1. Define country A’s strategy
such that conditional on any e; < €, it chooses m; = 0 and f; = 0. Since e} < € Vt > 2, we are
left to specify country A’s strategy at e} = e and eg. At €, country A chooses m; =0 and f; =0
with probability u' (eg —€) / (Bu’ (Zg (€))) € (0,1) and m; = m* (€) and f; = 1 with probability
1—u (eg—e€)/(Bu (Tg(€))). At ep, if

u e —€) —u' (en —€) (eo — &) + BUC (€) = V (w (m* (e0)) €0) — I (m* (e0)) — v, (34)

then country A chooses my = 0 and fp = 0, otherwise it chooses my = m* (ep) and fo = 1. To
check that this constitutes an MPCE, note that {e}, p}, z3’*, xf‘*}zo satisfies (3), (10), (12), and
(13). Analogous reasoning to the case with ey < € implies that country A’s strategy is optimal
for e; < e. Since F'(€) = 0, starting from e] = €, country A is indifferent between f; = 0 under
optimal armament m; = 0 and f; = 1 under optimal armament m; = m* (€) so that its strategy
is optimal. Finally, starting from eg, country A receives a payoff equal to the left hand side of
(34) in choosing fop = 0 under optimal armament my = 0, and it receives a payoff equal to the
right hand side of (34) under fp = 1 and optimal armament mg = m* (eg). Therefore, if (34)
holds then my = 0 and fy = 0 is optimal, otherwise the choice of mg = m* (eg) and fo = 1 is

optimal. This verifies the existence of an MPCE in this case for ey > on

Proof of Proposition 2

The arguments in the proof of Proposition 1, imply that Pr{f; = 1|f;—1 = 0} < 1, meaning
that it is not possible for country A to go to war at some date ¢ > 1 with probability 1. We
therefore are left to prove that it is not possible for country A to go to war at some date
t > 1 with any probability between 0 and 1. Formally, let u, = Pr{f; =0|fi—1 =0} > 0 Vt
and consider a sequence {/;};~,. Given that Proposition 1 implies that p;, > 0 for ¢t > 1, we
argue by contradiction that p, ¢ (0,1) for ¢ > 1. To establish this result, we first establish
the below preliminary lemma which provides a necessary condition which must hold given a
sequence {p,; }yo, with g, > 0 ¥Vt > 1. This lemma provides a necessary condition which must
hold if p, € (0,1) for ¢ > 1, and we use this lemma to later prove by contradiction that this

necessary condition cannot hold.

Lemma 3 Given {p,};°, with p, >0Vt > 1, it is necessary that ¥t > 1,

ey 7 2w (m* (e)' /7 (1= p7) /7 1_11/063_”” —lm* () —v  (3D)
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1+3752, 6" <H Bl 1) )
=1
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S ol-1/o

k 1-1/o ’ (36)
(1 + 2 H (ﬁNtH)J)

=1
where (1) Ky is bounded from above and below and (ii) (35) binds if p, < 1.

Proof. To establish the necessity of (35), we first establish the necessity of the below condition
and then argue that it is equivalent to (35):

Zﬂ w(@erk) = U (@er) Terr) =V (w (m” (er)) er) — 1L (m” (er)) — . (37)

We also argue that (37) must bind if g, < 1 so that the probability of war is positive, which es-
tablishes that (35) binds if y1, < 1. The left hand side of (37) represents country A’s continuation
value from permanent peace and the right hand side of (37) represents the continuation value
to country A from immediate war. To see why, note that if war does not take place, country A
does not arm, and if war takes place, country A chooses optimal armament m™* (e;). Specifically,
if fi =0, then my = 0 and if f; = 1, then m; = m* (e;). Suppose it were the case that f; =0
and my > 0. Then country A could make itself strictly better off by reducing m; while still
choosing f; = 0. Alternatively, if f; = 1 but m; # m* (e;), then country A could make itself
strictly better off by choosing m; = m* (e;) and f; = 1. Since country A always weakly prefers
peace to immediate war with optimal armament, this implies (37). This is because the left hand
side of (37) represents country A’s equilibrium continuation value, which must be equal to that
from permanent peace with zero armament, taking into account (12) and (13) which can be
substituted into (14) for every e;. This establishes the necessity of (37). If u, < 1, then country
A chooses war and peace each with positive probability, implying that it must be indifferent
between the two options, otherwise it could make itself strictly better off by choosing p, = 1.
This implies that (37) binds in this case.

We next establish that (37) is equivalent to (35). The right hand side of (37) equals the
right hand side of (35) minus 1/ [(1 — ) (1 — 1/0)], and this follows by substitution of (17) into
(4). We can now show that the left hand side of (37) equals the left hand side of (35) minus
1/[(1=B) (1 —1/0)]. To do this, we determine how the sequence {x;};° relates to {1, }e-
Optimal extraction for firms requires that

1
K p1Pt+1 = Ept- (38)
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1
—p¢, then from condition (12) z{* > 0 since p; < oo. From (10) z7 = 0,

&)
1
but this implies that z # z{ which violates (13). If instead pu, Pe1 < Bpt, then analogous

If instead p1;1pi1 >

arguments imply that 27}, > 0 and 27, ; = 0 which violates (13). (38) together with (12) implies
that

zip1 = (Brigy)” e (39)
Given (3), this implies that
oo k
o (13T G ) . ()
k=11=1
Equation (40) together with the fact that p, > 0 V¢ > 0 implies that

T 1
et>0and—t:
(&7 k

1+, H (ﬁﬂtﬂ)a
I=1

>1- 47 >0Vt (41)

Consequently, by substitution, one can write the left hand side of (37) as Ktel 1/U—l/ [(1-75)(1—1/0)]
for (36).We are left to show that K; is bounded. To see that it is bounded from above, note that

1 1

* _ - __ poy—1l/o
Ko< K= Lot g (12)

This is because substitution of (12) into U4 (e;) implies that

o) 1-1/c
Ua(er) = Zi <5klt+li/ )—1/[(1—6)(1—1/0)] (43)
k=0
< %1 _11/0 (1 g7y o V11— B) (- 10

where the last inequality follows from the maximization of (43) given the resource constraint
(3). To see that K; is bounded from below, note that if ¢ > 1, (36) implies that

1 1

K > —
S

(1 _ 60)1—1/0' )

If instead o < 1, then the fact that country A weakly prefers peace to war under any armament

level m > 0 implies that

1 1o 1-1/0 1 poy—1/o 1 1-1/o _
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which simplifies to

1 l(m)—v

Kz w(m) ™7 Q=g 7 - =g
0

which means that K, is bounded from below. This completes the proof that if Pr{f; = 1|f;—1 =0} >
0, then (35) must hold for sequence {K;};°, where each element is from a bounded set. m

We now show that (35) cannot bind for any ¢ > 1, which proves that it is not possible for
Pr{fi =1|fi—1 =0} > 0 for t > 1. There are two cases to consider. In the first case, ur € (0,1)
and p, =1Vt > T + 1 so that war stops occurring after some date T'. In the second case, there
does not exist such a date T" and there is always a positive probability of war in the future.

In the first case, since country A is indifferent to war at T and weakly prefers peace at T — 1

and T + 1 to war using the same armament as at T, it follows that:

1 A-1/o
1— 1/0. T+1

Krey 7 = w@f@ﬂf1“0—6%*“1JVU%*”—umw@w—u (45)

Krpep " > w(m (er) /7 (1—p7)71° —l(m*(er)) —v  (44)

—-1/o * —-1/o 0—01 i/ *
Kraep {7 = wm (en) ™7 (1= 5777 e T — 1 (er) =0 (46)

Since p, = 1Vt > T + 1, from (36), it must be the case that K741 = Kp = K* for K* defined
in (42), and since pp € (0,1), it must be that K* > Kp_; since war is chosen with positive
probability at T'. (44) — (46) taking into account that m™* (er) > 0 imply that

egp_l/a - 6;;_11/0 >0 and €:1F—1/a - e%p__ll/a > 0.
If 0 < 1, then by (3) this implies that er41 = e so that xp = 0 which violates (41). If instead
o > 1, then this implies that ep > ep_; which implies zp_; = 0, which violates (41). This
establishes that it is not possible for Pr{f; = 1|f;—1 =0} > 0 for ¢ > 1 in an equilibrium in
which war stops occurring after some date 7.

Now consider the second case in which war never stops occurring and consider the implied
sequence S = {u;, K¢}, under the hypothetical MPCE and select the infinite subsequence
s € 8 for which u; # 1 so that war occurs with positive probability for all elements of s.
Since the each element of the sequence of K;’s is in a closed and bounded set, we can select a

convergent subsequence s? within s' for which the K;’s converge. Consider three consecutive

elements of s2, denoted by n — 1, n, and n + 1. Weak preference for peace at n — 1 and n + 1
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together with indifference to peace at n using armament m* (e,,) implies:

Koy 2w (e) ™7 (1= 527 el (e) v (47)

1—1/O'en+1

Koeh M7 = w(m* ()7 (1L 7)1 L e i () —v (48)
1-1/o
—1l/c —1/c o\—1Ll/o 1 —1l/o *
Koo, Y7 2w (o) ™7 (1= 577 e T = L () — v (49)
(47) and (48) imply that
* 1-1/0 o\—1/0 1 1-1/c

(Fwer = w0l ()7 (1= o) Y el (50)

(860 = wm ()77 (1= oy ) el

and (48) and (49) imply that

(Knl —w (m* (e,)) V7 (1 — g7y~ Ve 1_11/0) el 7V > (51)

<Kn —w (m* (en))l—l/a (1 o /Ba)fl/d 1_11/0-> 671171/0'

Note that it cannot be that

. \ _ o 1
i {5, = wm (e))' 7 0= gy <o, (52)
since if this were the case, then given the indifference condition, it would violate (48) since v > 0.
Since (52) cannot hold, then (50) and (51) taking into account that K, converges imply that
. 1-1/0 1-1/0 . 1-1/0 1-1/0
Jim (77— e )7) Z0and Jim (677~ e 7) > 0,

which given (3) implies that if either 0 < 1 or o > 1, then lim,,_,o €p+1 = lim, 0 (€, — zp) =
€n, S0 that lim, . (zn/ey) = 0, but this violates (41). This establishes that it is not possible
for Pr{f; = 1|f;—1 =0} > 0 for ¢t > 1 in an equilibrium in which war continues occurring forever
with positive probability, and this completes the proof of the first part of the proposition.l

Given the first part of the proposition, this implies that either fy =0 Vtor fo =1. If fy =0
Vt then p, = 1 Vt and (38) together with (12) implies that v’ (z¢11) = (1/8) ' (x¢). If fo = 1,
then the solution to (4) implies that v/ (z¢41) = (1/8) v (x). B

Proof of Proposition 3

By the arguments of Lemma 1 and Proposition 2, an equilibrium exists and it must involve

either permanent peace or war at date 0. In this proof we characterize the unique equilibrium
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for four cases: (i) o > 1 and eg < €, (ii) 0 > 1 and ey > ¢, (iii) 0 < 1 and lim,,m w (M) < W,
and (iv) o < 1 and lim,,,—m w (m) > w. In the first two cases, lim._,o F' (e) > 0 so that war does
not take place if there is zero oil endowment, and we show that this implies that the arguments
of parts 2 and 3 of Lemma 1 can be used to construct the equilibrium. In the last two cases,
u (0) = —oo so that the characterization of the equilibrium at the zero endowment point depends
on whether lim._,g F (e) exceeds or is below 0, and we show that this depends on limy,_,m w (m),
the gains from war under maximal armament.

Part 1. We first define e for the o > 1 case and w for the o < 1 case. We show that country
A strictly prefers permanent peace to immediate war if e is below €, and vice versa. Moreover,
we show that @ is between 0 and 1. Formally, if o > 1, define € as follows. If F'(e) > 0 Ve,
e =o0. If F(e) <0 for some e, then define € > 0 as in part 3 of the proof of Lemma 1. We can
show that F'(e) > 0 Ve < € and F' (e) < 0 Ve > e. This is because F' (0) = v > 0 and F’ (e) can

be written as

F'(e) = (1= g7) 7 717 (1o — [w (m* ()] /7). (53)

Since o > 1, F' () > (<) 0if (1/0) 3719 > (<)w (m* (e)). To see how the value of w (m* (e))

relates to the value of e, the first-order condition which characterizes m* (e) is

1-8° —1/0 J1-1/o _ I (m* (e)) 7 54
( ) [w (m* (e))] V7w’ (m* (e)) oY

and implicit differentiation of (54) implies that m* (e) > 0 so that w (m* (e)) rises in e. From
(53), this implies that there exists some € > 0 such that F'(e) > (<)0 if e < (>)¢, which
implies F’ (€) < 0 and that € is unique. If ¢ < 1, define @ = (1/0)"371/9) ¢ (0,1).

Part 2. Consider the first case with ¢ > 1 and ey < €, which from part 1, implies that
F(e) > 0 Ve so that permanent peace is strictly preferred to immediate war for all feasible
endowment levels. From part 2 of Lemma 1, one can construct an equilibrium in pure strate-
gies which features permanent peace. We prove by contradiction that this equilibrium in pure
strategies is unique. Our proof relies on the non-existence of an MPCE from date 1 onward in
the event of war at date 0. Formally, suppose instead that there is immediate war at date 0,
which is the only other possibility. If this is the case, one must consider the implied sequence
{et,pt,xt ,xt } +—o and continuation equilibrium in the absence of war. Letting pu, represent
the probability of peace at date ¢ under the government’s strategy conditional on f;—1 = 0,
we consider the only three possible scenarios: pu; = 0, p; = 1, and py € (0,1). We we can
show that in neither of these scenarios can there be a continuation equilibrium which is an
MPCE. If y; = 0, (10) together with (3), (10), (12), and (13) implies that z5* = ey so that
e} = 0. However, if e] = 0, then country A’s optimal strategy is to choose p; = 1, yielding
a contradiction. Suppose if instead p; = 1. Propositions 1 and 2 imply that firms and coun-
try A expect u, = 1 V¢ > 1. This means that the unique allocations which satisfies (3), (10),
(12), and (13) is {e},p}, a7, 2 }t o = 1€ (o), (2t (e0)) , Tt (e0) , Tt (€0) }yog, SO that country
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A receives U (eg) by choosing f; = 0 and m; = 0. However, since F (eg) > 0, this implies
that country A can deviate to mg = 0 and fy = 0 and be made strictly better off relative
to mo = m*(eg) and fy = 1. Finally, suppose if instead pu; € (0,1), then this implies that
country A is indifferent between war and peace at ¢t = 1. By Propositions 1 and 2, it must
again be the case that firms and country A expect p, = 1 Vt > 2. This implies that the unique
sequence of allocations which satisfies (3), (10), (12), and (13) starting from ¢t = 1 onward ad-
mits (ef,p;‘,mf*,xf‘*) = (€r—1(e1),u' (Ty—1(e1)),Tt—1 (€1),T¢—1 (e1)) Vt > 1. This implies that
country A receives U (e1) at date 1 by deviating to u; = 1. Since F (e1) > 0 since e; € (0,€),
this implies that such a deviation strictly increases welfare. Therefore, permanent peace is the
unique equilibrium starting from any e; < €. Therefore, if ¢y < €, the equilibrium is in pure
strategies since country A can be confined to choosing Pr{f; = 1} = {0, 1} and it never chooses
Pr{fi =1} € (0,1) for any e; < ep.

Part 3. Now consider the case with 0 > 1 and ¢y > €, which from part 1, implies that F' (e) <
0 Ve > €, so that war is strictly preferred to permanent for some high feasible endowment levels.
From part 3 of Lemma 1, one can construct an equilibrium in mixed strategies which features
immediate war. We prove by contradiction that this mixed strategy equilibrium is unique.
Suppose instead that the equilibrium entailed permanent peace with {e;k . D} ,:vf*,mf‘*}zo =
{& (eo) ,u' (Tt (e0)) , Tt (e0) , Tt (e0) }oop and country A receiving U (ep). Because F (ep) < 0,
this implies that country A can be made strictly better off by deviating to mg = m* (eg) and
fo = 1. Therefore, immediate war is the unique equilibrium starting from any e; > e. To
show that the equilibrium is in mixed strategies, suppose that country A were confined the pure
strategies for all ey > € and choose ey > €/3. We can show that an equilibrium does not exist.
Consider the strategy of the government at e} conditional on fo = 0. If f; = 1, (10) together with
(3), (10), (12), and (13) implies that 25* = ey so that e} = 0. However, if e} = 0, the country A
chooses f1 = 0, yielding a contradiction. If instead f; = 0 at e], then Proposition 2 implies that
ft = 0at ef Vt > 1. This implies that the unique sequence of allocations which satisfies (3), (10),
(12), and (13) is {ef,pf,wf*,x?*}zo = {& (eo),u (Tt (e0)) , Tt (€0) , Tt (€0) }1op SO that country
A receives UC (€1 (eg)) at date 1 starting from eX. However, because e} = €1 (eg) = %¢o > €,
F(e}) < 0 so that country A can make itself strictly better off by deviating to m; = m* (e1)
and f; = 1. Since an equilibrium in pure strategies does not exist, and since an equilibrium in
mixed strategies exists by Lemma 1, the unique equilibrium is in mixed strategies.ll

Part 4. Now consider the case with o < 1 and lim,, 7w (m) < w. We argue that this
implies that F'(e) > 0 Ve which means that the arguments of part 2 of Lemma 1 can be used
to construct a pure strategy equilibrium with permanent peace. We prove by contradiction
that this is the unique equilibrium. Suppose instead that there is immediate war. Formally,
let us assume and later prove that F'(e) > 0 Ve. In this case, the same arguments as in part
2 imply that an equilibrium with immediate war does not exist and that the equilibrium is in
pure strategies. In order to prove that F (e) > 0 Ve, we show that F’ (e) < 0 Ve and that
lime—oo F () > 0. We can establish that F’ (e) < 0 Ve from (53), since this is true given that
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w (m* (e)) < w Ve. To establish that lime_,o F' () > 0, consider first the value of lim,_,., m* (e).
Suppose that lim._,.o m* (e) = m > 0. This would violate (54) since the left hand side of (54)
would converge to 0 whereas the right hand side of (54) would converge to a positive number.
Therefore, lime_,oc m* () = 0 which implies that
T (V (w0 (0 () ) L (" (€)) = v) = —v,

so that lime_,o F'(€) = v > 0. This establishes that F'(e) > 0 Ve which verifies our assumption.

Part 5. Now consider the case with ¢ < 1 and lim,,_; w (m) > w. We argue that this
implies that lim._,o F' () = —oo, which from the arguments of part 1 of Lemma 1 implies that
we can construct a pure strategy equilibrium with immediate war. We prove by contradiction
that this pure strategy equilibrium is unique. Formally, let us assume and later prove that
lim._,¢ F' (e) = —oo which means that f; =1 if e, = 0. By the continuity of F'(e), it also implies
that that there exists some € such that F'(e) < 0 Ve < e. Suppose that there is an equilibrium
with permanent peace so that (ef,p},z{*, zi"*) = (€ (eo) , ' (% (e0)), %t (e0) , Tt (e0)) V¢ > 0.
This implies that ef = 3%%ep < € for some t which is sufficiently large and that country A
receives U (e;) starting from e;. Country A can deviate to my = m* (¢;) and f; = 1 and be made
strictly better off since F'(e;) < 0, so that permanent peace is not an equilibrium and the unique
equilibrium is immediate war. To see that the equilibrium is in pure strategies let us confine
country A to choosing Pr{f; =1} = {0,1}, and construct an equilibrium in pure strategies
as in part 1 of Lemma 1. Finally, let us prove that lim._o F (e) = —oo. We first consider
lim,_.om* (e). Suppose that lim._,om* (e) = m’ < m. This would violate (54) since the left

hand side of (54) approaches oo as e approaches 0, whereas the right hand side of (54) approaches

I'm')/ {[w (m’)]‘l/" w’ (m’)} < 00, yielding a contradiction. Since lim._,om* (e) = m, it follows

that lim._,o w (m* (e)) > w. Now consider lim._,o F' (e) which satisfies:

limy F (e) = lim (V7 (w (m” (¢)) ) = L (m" (€)) — v) <v (w (m* (e)) = L(m* (¢)) 1) |

The first term on the right hand side of (55) converges to —oo and we can show that the second

(55)

term approaches a positive number. This is because by L’Hopital’s rule and (54) which defines

m* (e)
- U (e) B dU°€ (e) /de
=0V (w(m*(e))e) —l(m*(e)) —v — d(V (w(m*(e))e) —l(m*(¢)) —v) [de
B 1/o
C lim [w (m)] Y0 -
Therefore, lim._,o F' (e) = —oo, which verifies our assumption.H
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7.2 Proofs from Section 4
Proof of Lemma 2

Following the discussion in the text, the existence of an MPME is guaranteed by the existence of
a function Ug (e;) which satisfies (22). Substitute (3) and (21) into (19) which binds to achieve

—ct = G (erg1,e0) = u(er — err1) + B (V (w(m* (er41)) er1) — L(m” (e141))) — V (w (m™ (er))) -
(56)

Taking the above relationship into account, substitute (18) into (22) so as to write Ug (e;) as:

Us (er) = max {(1 = f1) [G (et+1,et) + BUs (er+1)] + fip} (57)
ft:{071}16i+16[07ef]
By construction, Ug (e;) € [¢,V (€)] for some arbitrarily large € > e; so that it is bounded.
Define the operator J : B (]0,¢]) — B ([0, ¢]) as

(JUs) (er) = {(1 = f1) [G (et41,et) + BUs (e44+1)] + frv},

max
ft={0,1},et41€[0,e¢]
where B ([0, €]) is the space of bounded above functions which map [0, €] into R for some arbi-
trarily large e. B ([0, é]) is equipped with its sup norm is a metric space. J maps B ([0, €]) into
itself and is a contraction by Blackwell’s Sufficiency Conditions. Therefore by the Contraction

Mapping Theorem, a unique Ug (e;) exists. B

Proof of Proposition 4

This is proved by a variational argument which considers a specific perturbation on the solution
in which starting from e;, the choice of e;y; is increased by € 2 0 arbitrarily small, where this
increase is accommodated by a decrease in x; by € and an increase in x;y1 by e.

Let e}, denote the optimal choice of €11 starting from e;. Equation (57) implies that since
ft+1 =0, then f; =0 and

Us (ee) = u(er = €fya) +8 [V (w (m” (ef11)) eia) —L(m (€f:1))] =V (w (m" (er)) e1) +5Us (€fya) -
(58)
Since fi11 = 0, (58) also holds replacing e; with ef, ; and ey, ; with ef, 5, where e}, , denotes the
optimal choice of e; 2 starting from e ;.
Optimality requires that the solution at e; weakly dominates the choice of e;, | + ¢ for e 2 0.

Let xj = e; — e,y and let x},; = e}, ; — e}, 5. Optimality of the choice of e; ; implies

u(@f) + B[V (w(m” (ef41)) et1) — L (m" (ef41))] + BUs (ef41) = (59)
w(zy =€)+ B[V (w(m" (efy1 +¢)) (€11 +¢)) =L (m" (i1 +¢))] +BUs (ef1 +¢) -

Since starting from e}, | +¢€ country S can always choose policy e}, , associated with e}, ; together
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with f; = 0, this implies that

Us(ef1+€) > Usl(efy) tu(zip,+e) —u(zfy) (60)
+V (w (m” (ef41)) eti1) =V (w (m” (€1 +¢€)) (efs1 +€)) -

Combining (59) with (60) we achieve:

[ (@}) — (@i — o)) = B u (vt + ) —u (o)) (61)
+B [ (m* (ef11 +€)) —L(m* (ef1))] = 0.

Divide both sides of (61) by € 2 0 and take the limit as e approaches 0. This yields:
u' (z0) = B’ (wr41) + B (m" (er1)) m™ (err1) = 0. (62)
Since I’ (1) > 0, (62) implies that v’ (z441) > (<) (1/8) v (x¢) if m* (e441) > (<)0. W

Proof of Proposition 5

Given (8), the first-order condition which defines m* (e;) is
U'(my) =V (w(me) er) w' (my) eq. (63)
Given the solution to (4), the envelope condition implies that
V' (w(my) e)) = BFu (w44) Yk > 0. (64)

Substitution of (64) into (63) followed by implicit differentiation yields

Tpag) W (my) e u (wyqp) w (M)

= + . (65)

" (my) w (ppp)w” (my)\ dmy  dzegg uw (k)
516 " ( de; dey u" (pir) €t

The resource constraint implies

d$t+k dmt
Z i my) + w' (my )Tet'

Taking the sum of (65) Vk > 0 and substitution into the above equation yields

u’ ($t+k) Ti+k
w (mt) (1 + Z;O:O u

_ (Teyn) Teyr w () e . (66)

de; s ( " (my) U () W (mt)> — ! (my)

BEu (zpon) w' (me)ep W' (epr) W' (my)

dmt
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Since the denominator in (66) is negative, the term is positive if and only if the numerator
is negative. If it is the case that —u' (xpyk) /u” (Ti4k) Tppr > 1 Vopps then the numerator is
negative since y oo % = 1, and the opposite holds if —u' (xpyk) /U (Terp) Tppr < 1
Vi, B

Proof of Proposition 6

Part 1. Suppose that (26) holds. We can prove by contradiction that the equilibrium cannot
involve war occur starting from any e;. Suppose that there was war at e; and suppose that

country S deviates by offering country A z? = (1 — 57) w (m* (e:)) e; and
—cf = u(@p) + 6V (w(m” (e — 7)) (er — 27)) — L(m™ ((ex — 27)))) =V (w (m" (e1))), (67)

so that country A accepts the offer. Such an offer provides country S with a payoff which is
strictly greater than v so that it dominates making an offer which is rejected and leads to war.
More specifically, since m* () is a decreasing function which is bounded from above by 1, it
is the case that w (m* (e; — x¢)) > w (m* (e;)) and —I (m* ((e; — x¢))) > —I (m). Moreover, it
is also the case that Ug (e; — xf) > 1, since starting from e; — z¢, country S can always offer
country A {0,0} which must be rejected and leads to war since accepting the offer provides —oo

utility to country A. Therefore, country S’s welfare from making this offer exceeds
u(ay) + 8V (w(m” (er)) (w (m* (er)) er — a7)) — L(m)) =V (w (m” (e1))) + B,

By definition, u (zf) 4+ BV (w (m* (e¢)) (w (m* (er)) er — 22)) = V (w (m* (er))), so that the above
term reduces to —fl () + B, which exceeds 1 if (26) holds. This proves the first part of the
proposition.l

Part 2. If preferences satisfy (17) for 0 < 1 and w (m) > (1/0)1/(171/‘7)7 then war occurs
with probability 1 in the MPCE by Proposition 3. Suppose that (26) also holds. Then war is
avoided in the MPME by step 1. Since country S’s welfare exceeds 1 in the MPME whereas it
is equal to ¥ in the MPCE, country S is better off in the MPME. This proves the second part
of the proposition.H

Part 3. Suppose preferences satisfy (17) for o < 1 and (27) holds. We can construct an
MPME in which war occurs starting from all e; < ey. Suppose that starting from all e;, country
S offers {0,0} and country A rejects the offer and declares war. It is clear that country A’s
strategy given the offer is optimal since accepting the offer yields a welfare of —oco. To show
that country S’s strategy is optimal, consider the best offer which country S could make at ¢
conditional on it being accepted given that war occurs with certainty at ¢ + 1. Such an offer

satisfies (67) so that it is a solution to the below program:

max {u (e; — epy1) + BV (w (m” (ert1)) er1) = BLMT (er1)) =V (w (m” (er41)) er41) + B

€t+1
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Since w (m* (e441)) < 1, u (e — err1) + BV (w (m* (e141)) er+1) < V (er). Moreover, since m* (+)
is a decreasing function, —fgl (m* (e4+1)) < —pBL(m* (e;)). Therefore, the value of the above

objective cannot exceed

Vi(er) = BL(m* (er)) =V (w (m™ (er)) er) + B =V () (1 —w (m” (er))) — BL(m™ (er)) + B,

which is strictly below v by (27), which means that letting war occur is optimal. This proves
the third part of the proposition.H

Part 4. Suppose that preferences satisfy (17) for o < 1 and w (m) < (1/0)1/(171/0). Country
S receives ¢ in the MPME. War does not occur in the MPCE by Proposition 3 and country S’s

welfare equals
o0

Y B8 (@ (€) T () = (1= 1/0) V (eo)

t=0
in the MPCE. Since (1 —1/0) V (ep) > 0 > 9, country S is strictly better off in the MPCE.R

7.3 Proofs from Section 5
Proof of Proposition 7

Part 1. Given the discussion in the text, country S’s program can be written as:

Us (er) = Jmax {—ct —1(mg(er)) + BUs (er+1)} s.t. (3) and

u () + o+ BV (w(miy (er1) ,mig (er1)) erra) — L(mi (er1))] =V (w (miy (er) ,mi (er)) er) -

Now consider the solution given that f; = fi11 = 0. Let ef,; denotes the implied optimal choice

of e,y starting from e; so that

Us(er) = uler—ejpr) —1(mis(e)) + B[V (w(m” (ef11)) ei1) —L(m" (ef11))]  (68)
=V (w (m* (er)) er) + BUs (ef11) -

Follow the same perturbation arguments as in the proof of Proposition 4. This yields:

[u (@) —u (i — )] = B [u 2y +€) —u(ai)] (69)
+6 [0 (miy (efn +€)) = 1 (mia (ea)) +1(m5 (el +€)) =1 (m5 (ef1a))] 2 0.

Divide both sides of (69) by € 2 0 and take the limit as e approaches 0. This yields:
' () = Bu’ (z41) + BU (Ml (e1)) MY (ers1) + B (m§ (ers1)) m§ (er41) = 0. (70)

Since ' () > 0, (70) implies that v’ (z11) > (<) (1/8) v (x) if m¥{ (eg41) > (<) 0 m¥ (€441) >
(<)0. W
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Part 2. Analogous arguments to those of Proposition 5 imply that m% (e;, mg:) and
m (e, may) increase (decrease) in e; if —u'(x) / (zu” (z)) > (<) 1 for all . As such, appli-
cation of Acemoglu and Jensen (2009) imply that m* (e;) and m% (e;) increase (decrease) in e;
if —u' (z)/(zu” (x)) > (<) 1 for all z. W

Proof of Proposition 8

Part 1. Define
Tie) =V (w (e {5 0} ) 1)

Given the discussion in the text, country S’s program can be written as:

N
Us (er) = max — cit + BUs (er41) p s.t. (30) and
{24>0,c: 3N, { ;

w(@a) + e+ B (Vilerr) —L(mi (een))) = Vier) Vi

Now consider the solution given that f; = fi11 = 0. Let x}, and e}, ; denotes the implied optimal

choice of e;y1 starting from e; so that

N
Us (e;) = Z (u () + P [171 (efr1) — L (m* (efﬂ))} ~V (et)> + BUs (€e141) - (71)
i=1

Since fi41 = 0, (71) also holds replacing e; with ej,; and ej,; with e}, ,, where e; , denotes
the optimal choice of ;1o starting from e}, ;. Optimality requires that the solution at e; weakly
dominates the choice of e}, | +¢ for € 2 0 where this is achieved by reducing z7, by €. Optimality

of the choice of e}, ; implies

u(@y) + 5

-

Il
—

Vi (et4) = 1(m5 (ci10)) | + BUS (ef41) = (72)

N
u(ﬁt‘@*‘ﬂz

J=1

—

Vi (eiga+€) = L(m ey +€))] + 8Us (efpn +e)

Since starting from ej,; + € country S can always choose policy e}, , associated with e;,; so

that xj, | is increased by e this implies that

Us (ef41+€) > Us(efyr) +u(afg +€) —u(afiyq) (73)
N
+Z [Vj (ef41) = Vj (efa + 6)}
j=1
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Combining (72) with (73) we achieve:

[w (@) —w @l = 9] = 8 [u (s +€) —u(ehn)] (74)
N
+3 B[ (eiy +€)) — L(m] (e111))] > 0.
j=1

Divide both sides of (74) by € 2 0 and take the limit as e approaches 0. This yields:

N
' (i) = Bu/ (i) + > B (m (erg1)) m3 (ery1) = 0. (75)
j=1
Since I (-) > 0, (62) implies that v’ (zir11) > (<) (1/8) v’ (@) if m} (er41) > (<)0 V). W
Part 2. Analogous arguments to those of Proposition 5 imply that m! (e;, m_;;) increases
(decrease) in e; if —u' (z)/ (zu” (x)) > (<) 1 for all z. As such, application of Acemoglu and
Jensen (2009) imply that m} (e;) increase (decrease) in e; Vi if —u/ (z) / (zu” (x)) > (<) 1 for all
z. W

Proof of Proposition 9

The solution to (4) implies that given wj (-)

1 _ o 71/0’ B - B - -
V(wi(')Net):(l—ﬁl)/awi (.)1 /o 1 1/oet1 1o _

1
(1-p7)1-1/0)’

which together with the fact that m (e;) is the same across countries implies (32). One can
thus write (75) as:

— o — o — o 1 — g
(1—1/0) (N —1)(1—8°) Y7 e 7 = a2/ —Bwit” . (76)

One can conjecture in this environment that

—-1/0 1 —1/c
it+1 ;%:

for some constant p which may be above or below S. Under this conjecture, it must be that

i = (1 — p?) e; and e;41 = p°ey, which means that (76) can be rewritten as:

(- 1/0) (N — 1) (1 — 7)1 = (1 - g) (1= 7)o, ()

which verifies that our conjecture of a constant growth rate in the marginal rate of substitution

holds. (77) provides an implicit function which characterizes the value of p. Note that the
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derivative of the right hand side of (77) has the same sign as:

(-3

which must be negative. This is because if ¢ < 1, then p > [ so that (78) is negative and if
o > 1, then p < 8 and (78) cannot be greater than —1/5+1—p/f < 0. It follows that if 0 < 1,
the left hand side of (77) declines as N rises, so that p rises as N rises. Alternatively, if o > 1,
the the left hand side of (77) rises as N rises, so that p declines as N rises, which completes the

argument. W

Proof of Proposition 10

Analogous arguments as in the proof of Proposition 4 imply that m; = m* (e;), that

Ua (et) =V (et) )
and that country S’s optimal offer must satisfy:

Us (e;) = max {—c; + BUs (er4+1)} s.t. (3) and

¢ >0,c¢

(g, cr, —m* (e)) + BV (ers1) = V (&)

Let e;,; denote the implied optimal value of e;y; starting from e;, and let ej 5 denote the

implied optimal value of e;;2 starting from e}, ;. Let ¢; (¢) and ¢;41 (€), respectively, solve:

(e¢) and (79)
(i te)  (80)

u(er — efi — €6 (€),—m* (er)) + 8V (ef1+e) = 1%
u (e — efpo+€6Cu1(e),—m* (efy 1 +€)) + B8V (ef0) = V
for e 2 0. Note that by implicit differentiation:

Uy (fUu Ct, —mt) - 5‘7/ (€t+1)

~
0 =
c ( ) Ue (xtacta_mt>

~+

—Ug (Tp415 Cor1s —Mu41) + U (Tps15 Co1, —Mug1) MY (€441) + V' (€441)
Ue (41, Cep1, —Mi41)

Optimality requires that

¢ (0) + BUs (e741) = ¢ (e) + BUs (ef41 +€)
> G (€) + B (Crvr (€) — G (0) + Us (€f41))

which implies that
& (0) =& () = B (G (€) — G41 (0)). (1)
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Divide both sides of (81) by € =2 0 and take the limit as e approaches 0 so as to achieve:

which by substitution yields:

Up (Tey1, Cop1, —mig1)  Lug (T, 00, —my) | U (Teg1, Cot, —Mig1) 4
= 3 + m* (er41)
Uc (Tt41, Ct1, —Mt41) Bue (e, e, —mu)  Ue (Tug, Co1, —Mit1)

7 (e ! ),

Uc (33t+17 Ct+1, —mt+1) Uc (l“t, Ct, _mt)

which completes the proof since u. (+), Uy, (1) > 0. B

7.4 Monopolistic Environment without Armament

Here we briefly consider the implications of allowing country A to engage in war without the

possibility for armament. In particular, suppose that
w(m) =w € (0,1] for all m, (82)

which implies that country A never invests in armament in equilibrium.

It is then straightforward to see that wars do not occur in any period. This is because
country S can always structure offers to country A so as to replicate the outcome of war while
making itself better off by avoiding war which costs it .

Formally, if country A attacks country S over any stock of the resource e;, country A’s
payoff is V(we;) and its path of extraction of the resource following the war {Z;1(we;)}32, is

a solution to (4) when w(m) = w. Note that it satisfies
V(ﬁ)et) =Uu (.’i‘t(TIJEt)) + BV(ﬁ)et — :Z“t(wet)). (83)

It is feasible for country S to make offers in equilibrium that replicate the payoff of country
A in the event of war. In fact, we can show a stronger statement that country S in any period
can make an offer that makes both countries strictly better off than having a war. Consider an
offer z; = {Z (we) , €} where € € (0,— (1 — ) ). Since the payoff of country A in period ¢+ 1
is bounded by the payoff from attacking country S, V(w (e; — Z¢(wey))), its payoff in period ¢

from accepting offer Z; satisfies

U(fi't(wet)) + €+ ﬁUA(et — Zi‘t(’lfiet)) > u(:it(wet)) + BV(’LZ)et — i}(lbet))
= V(’Lﬁet)

where the last line uses (83). This means country A is made strictly better off accepting this

alternative offer.
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Similarly, the payoff of country .S in period t+1 is bounded by the payoff from being attacked
1), since country S can always make an offer which is rejected.! Therefore, country S’s payoff

following the acceptance of the offer is

—€ + ﬁUS(et — :it(u?et)) > —e+ B

Since —e 4+ By > 1, country S is made strictly better off so that war cannot be an equilibrium
with any endowment e;.

Since wars are never an equilibrium, country S makes an offer z; to extract the maximum
surplus from country A subject to avoiding war. We can then show that such an offer always

satisfies the Hotelling rule. Formally, country S’s maximization problem is

Us (er) = max {—c;+ BUs (er+1)} (85)
subject to (3),
u(ze) + e+ BUA (err1) >V (wey) . (86)

With the same argument as in the text, the participation constraint is given by (86) and this
constraint must bind; if it did not, country S could strictly improve its payoff by offering a lower
value of ¢; to country A. Therefore, in this case, Ua(e;) = V(we;) for all e; so that country
A is indifferent between attacking and not attacking country S in every period. Therefore, the

maximization problem of country S can be written as a maximization of (85) subject to (3), and
u(xe) + ¢ + BV (wepyr) >V (wey) .

The first-order conditions to this problem establishes that z; must satisfy Hotelling rule (16).7

It is optimal for country S to equalize country S’s marginal rate of substitution over z to
the marginal rate of transformation since this is the most efficient means of extracting payments
from country A. As an illustration of this intuition, suppose that fu’ (z¢41) > v’ (x¢). If country
S extracts e units of resources less in period ¢ and ¢ > 0 more in period ¢+ 1, holding everything
fixed, it changes payoff of country A by (Su/(x441) — v’ (z4)) € > 0, which relaxes constraint (86).
This allows country S to reduce ¢; and hence increase the payments it receives from country A.
If instead fu’ (w141) < v/ (x¢), then analogous arguments imply that country S could improve

its payoff by extracting € > 0 units of resources more in period ¢ and ¢ less in period t + 1.

Y6 Formally, starting from any e¢, country S can offer {0,0}, which yields a payoff SUs (e;) if it does not lead
to war and ) if it leads to war. This implies that

Us (ex) 2 min{BUs (e:) , 9} = 1, (84)

where we have used the fact that if it were the case that SUs (e:) < ¥ < 0, (84) would imply Us (e:) > 0, yielding
a contradiction.

"To take the first-order condition one needs to assume that Us(e) is differentiable. One can prove the same
result without assuming differentiability by following the same steps as in the proof of Proposition 4.
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We summarize the results of this section in the following proposition:
Proposition 11 Suppose w (-) satisfies (82). Then in any MPME:

1. War never occurs.

2. The equilibrium sequence of resource extraction, ¢, satisfies (16) for all t.

o1
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